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27ms paper is about coherence for self- similarity (the categorical iden- 
tity S = S (g) S'J, its relationship with MacLane 's coherence theorem for 

fvj associativity, and the strictification procedures for both associativity and 

self-similarity. 

i i Based on a motivating example of a monoidal category with a sin- 

gle non-trivial object, we study why the formal and informal statements 

\) of MacLane's theorem do not always coincide (i.e. the situation where 

not all canonical diagrams commute in a monoidal category). We give 
a categorical construction that replaces an arbitrary monogenic monoidal 
category with one in which all canonical (for associativity) diagrams are 
guaranteed to commute. This in turn leads to a monic-epic decomposition 
— i of MacLane's associativity substitution functor in the category of small 

categories. 

Applying this construction to the trivial monoidal category gives a pose- 
tal category X that contains MacLane's monogenic associativity category 
W as a distinguished subcategory. Every object of X is self-similar, and 
this category plays the same role for self- similarity that MacLane's cat- 

{/~\ egory plays for associativity. We use this to give a coherence theorem 

for self-similarity based on a similar substitution functor. This functor 
again admits a monic-epic factorisation through a category in which all 
canonical (for both associativity and self- similarity) diagrams commute. 

Based on this , we give a strictification procedure for self-similarity that 
produces untyped (i.e. single- object) monoidal categories. We demonstrate 
that associativity and self-similarity cannot be simultaneously strictified, 
providing an explanation for why non-trivial untyped monoidal categories 
cannot have a strictly associative tensor. 

Finally, we also give a coherence theorem for the interaction of typed 
and untyped monoidal structures, and the self- similarity isomorphisms 
relating the two. This is based on a a fully faithful monoidal functor 
from a freely generated monoidal category to a single-object (i.e. untyped) 
monoidal category. 

1 Introduction 

The topic of this paper is untyped monoidal categories (single-object categories 
satisfying all of the axioms for a monoidal category, except perhaps for the 
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Figure 1: The 'Cantor monoid' - an untyped monoidal structure 



The object 


The natural numbers N 


The arrows 


All bijcctions N -> N 


The tensor 


(f*a){n) = 


| 2./(f) neven, 
[ 2.g (ajl) + 1 n odd. 


The associativity isomorphism 


r(n) = - 


2n n (mod 2) = 0, 
n + 1 n (mod 4) = 1 , 
^ n (mod 4) = 3. 


The symmetry isomorphism 


( n + 1 n even. 
a(n) = I 

I n — 1 n odd. 



existence of a unit object), self-similar structures (arrows exhibiting an iso- 
morphism S = S (8) S) and their interaction, and relationship with categorical 
coherence. We give a systematic construction of untyped monoidal categories 
from self-similar structures (from which all untyped monoidal categories are 
shown to arise) and provide a theory of coherence for self-similarity and un- 
typed monoidal structures, together with its relationship to the usual theory of 
coherence for associativity in monoidal categories. 

The most familiar demonstration of self-similarity is elementary: Hilbert's 
parable of the "Grand Hotel". This is reproduced, with several interesting 
extensions, in AppendixlX] By contrast, the most familiar examples of untyped 
monoidal categories are undoubtedly the C-monoids (single-object Cartesian 
closed categories without unit objects - see [TT] for a survey) used to model 
untyped lambda calculus. Due to the requirement of untyped Cartesian closure, 
these are decidedly non-trivial. For illustrative purposes, we instead give a 
simple example of an untyped monoidal category in Figure [Tl whose tensor and 
canonical isomorphisms are based on modular arithmetic — see |18j for more 
details on this. In Section [8] we give the general construction from which this 
example arises, and a proof that all untyped monoidal categories arise via this 
construction. 



2 Categorical basics 



T] (based on simi- 
24l , and studied 



Consider the monoid with additional structure given in Figure 
lar structures given in inverse semigroup theoretic terms in [12 
in more detail in |18j ) - this satishes all the axioms for a (symmetric) monoidal 
category apart from the existence of a unit object. The interested reader is 
encouraged to verify this algebraically; alternatively, explicit calculations and 
computational interpretations are given in |18j . As much of this paper will in- 
volve considering categories with a tensor, but without a unit object, we make 
the following definitions: 

Definition 2.1. LetC be a category. We say thatC is semi-monoidal when it 
satisfies all the properties for a monoidal category except for the requirement of a 
unit object — i.e. there exists atensor (_(g_) : CxC — > C together with a natural 
object-indexed family of associativity isomorphisms { ta,b,c '■ A(g(.B(gC) — > 
(A eg) B) eg C}A,B,CeOb(c) satisfying MacLane's pentagon condition 

{ta,b,c <8> Id) ta,b®c,d{]-a® t~b,c,d) = ta®b,c,d ta,b,c®d 

When there also exists a natural object-indexed natural family of symme- 
try isomorphisms {ax,Y ■ X eg Y —> Y eg X} x ,YeOb(c) satisfying MacLane's 
hexagon condition 

TA,B,C°~A®B,C TA,B,C = {&A,C ® lfi) T~a,C,B (1a ® &B,c) 

we say that (C,®,t,o~) is a symmetric semi-monoidal category. A semi- 
monoidal category (C, (g), t_._,_) is called strictly associative when ta.b,c *s 
an identity arroufv for all A, B,C E Ob(C). 

A functor T : C — > T> between two semi-monoidal categories (C,<gic) and 
(T>, ®x>) * s called (strictly) semi-monoidal when T(f (gi^ g) — T(f) (gp T(g). 

A semi-monoidal category (C, (g) is called monoidal when there exists a unit 
object I G Ob(C), together with, for all objects A G Ob{C), distinguished iso- 
morphisms 

X A : I <g A^ A , p A : A® I -> A 

satisfying the triangle condition 

lc/ ® X v = (pu <8> lv) Ttr.j.v VC/,ye Ofe(C) 

Unit objects, when they exist, are unique up to unique isomorphism 1281/ . All 
monoidal categories are semi-monoidal, but not vice versa; the relationship is 
analogous to that between monoids and semigroups. When a semi-monoidal 
category does not contain a unit object, we call it unitless monoidal. 

Semi-monoidal functors need not preserve unit objects; the image of a monoidal 
category under a semi-monoidal functor need not contain a unit object. 

1 This is not implied by equality of objects A (g (B eg) C) = (A eg) B) ® C , even assuming that 
a suitable notion of equality between objects is well-defined. As illustrated by the example of 
Figure rn such an equality of objects does not imply that the associativity isomorphism must 
be the identity arrow of this object. 



We will also encounter semi-monoidal categories that not only have a unit 
object, but where every object is isomorphic to (or a retract of) the unit object. 
We call such categories degenerate. 

When a semi-monoidal category has only one object, we call it untyped 
monoidal, or simply untyped. Clearly, all non- degenerate untyped monoidal 
categories are unitless. 

It may be wondered whether we can rely on MacLane's coherence theorems 
for associativity and symmetry when we do not assume the existence of a unit 
object? The theory presented in [28 treats coherence for units separately from 
coherence for associativity and symmetry - however, it worth verifying that 
there is no subtle interaction of associativity and units that renders these co- 
herence theorems inapplicable. To this end, Appendix [B] exhibits a systematic 
method of adjoining a unit to a semi-monoidal category that is right inverse to 
the obvious forgetful functor. Thus, when we wish to appeal to one of these 
coherence theorems within a semi-monoidal category, we may simply adjoin a 
unit object, apply the theorem in its usual setting, and then forget about this 
unit object. 

3 Categorical self-similarity 

The theory of untyped monoidal categories is intimately connected with the 
categorical theory of self- similarity. The following definition is based on [121113] : 

Definition 3.1. Let (C, C3>) be a semi-monoidal category. An object S £ Ob(C) 
is called self-similar when it satisfies S = S (8> S . Making the arrows exhibiting 
this isomorphism explicit, we define a self-similar structure (S, <, >) to be 
an object S £ Ob(C), together with two mutually inverse arrowrj 

• (code) <eC(S*<8)5,5). 

• (decode) > eC{S,S®S). 

satisfying t><\ = ls®s and <M> = lg. 

Examples 3.2. The most familiar example of a self-similar object is probably 
the natural numbers. As well-illustrated in Hilbert's story of the grand hotel (See 
Appendix[A\for a retelling with extensions) , the natural numbers N is isomorphic 
to both its own Cartesian product NxN and disjoint union Nl+lN. Other examples 
such as the Cantor set [12, 13} have a nice graphical interpretation - indeed, 
fractals generally provide a large class of examples \27j . 

2 Givcn the uniqueness of global inverses, it suffices to give only one of these arrows. How- 
ever, many natural generalisations (See Section |8,2| for a discussion) allow for only left-sided 
or right-sided inverses. 



3.1 Uniqueness, and self-similar structures 

Part of the claim of this paper — backed up by the coherence results of Section [6] 
onwards — is that the code and decode arrows of a self-similar structure should 
be considered as canonical isomorphisms on an equal footing with, for example, 
the canonical isomorphisms exhibiting associativity or symmetry in a symmetric 
monoidal category. We first prove that, at a self-similar object, all self-similar 
structures are unique up to unique isomorphism: 

Proposition 3.3. Let S = S ® S be a self-similar object of a semi-monoidal 
category (C, 0). 

1. Given a self-similar structure (S, <3, t>) and an arbitrary isomorphism U G 
C(5, S), then (S,U<1,\>U~ 1 ) is also a self-similar structure. 

2. Given self-similar structures (S, <3, \>) and (<!?, <]', [>'), there exists a unique 
isomorphism U G C(S, S) such that 



<' = U<<=C(S®S,S) , >' = \>U- 1 eC(S,S®S) 



Proof. 



1. For arbitrary U, the following diagrams may be seen to commute: 
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2. We define U = <l't> G C(S,S), giving its inverse as U 1 = <>'. The 
following diagrams then commute: 





and U = <'[> is the unique isomorphism satisfying this condition. 

Thus self-similar structures at a given self-similar object are unique up to unique 
isomorphism. □ 

Remark 3.4. We emphasise the strong distinction between 'unique up to unique 
isomorphism' and 'unique'. If there exists a single self-similar structure at some 



object S = S<g)S G Ob(C), it is a straightforward consequence of Proposition 3.3 
above that there exists exactly one isomorphism from S to itself - this must of 
course be the identity map I5 G C(S,S). 



We will see in Corollary\9.14 that an even stronger statement can be made; 



if a self-similar structure at some object is unique, then that object is the unit 
object for some monoidal category. The same result may also be derived from 
the characterisation of unit objects given by Saavedra — see \'31^ and \2ty for 
the theory of such 'Saavedra units '. 

3.2 Diagrammatic reasoning for self-similarity 

It has become standard in some branches of category theory to rely almost ex- 
clusively on diagrammatic reasoning, with formal justification of diagrammatic 
manipulations, based on various coherence results such as |22| . being given in 
a wide range of papers such as [201 EI]- Using these conventions, the code and 
decode maps of Definition |3.1| above may be given a very simple diagrammatic 
interpretation, as follows: 

1. (Unpeeling) 



2. (Squashing) 



A standard feature of diagrammatic reasoning systems is that they cannot 
represent associativity isomorphisms, instead relying on an implicit appeal to 
MAcLane's coherence theorem and strictification procedure for associativity. As 
this paper aims to establish a coherence theorem describing the interaction of 
self-similarity and associativity, the utility of diagrammatic reasoning at this 
stage is very limited. 

However, once coherence results for self-similarity have been established, it is 
expected that a formal diagrammatic calculus, based on these results, will prove 
useful both as a tool for simplifying calculation and as a guide to establishing 
connections with other fields of category theory. Already, the above informal 
diagrammatic representations raise the immediate question of whether the code 
/ decode maps of a self-similar structure form a Frobenius algebra? This is 
indeed the case (at least, up to canonical coherence isomorphisms) [TTJ H5] , 
provided one uses the unitless definition of Frobenius algebras given in [5] . 



3.3 Untypedness as strict self-similarity 

On particular class of self-similar structures will be particularly relevant. 

Proposition 3.5. Let S be the unique object of an untyped monoidal category 
(3 ,*). Then S is a self-similar object and (S, c, c _1 ) is a self-similar structure 
for an arbitrary isomorphism c £ 3(S, S). 

Proof. The untypedness of J implies that S * S = S. Thus, any isomorphism 
c € J(S, S) is an isomorphism c € J(S, S*S), and so (S, c, c _1 ) is a self-similar 
structure. □ 

Corollary 3.6. Let S be the unique object of an untyped monoidal category 
(J,*)- Then (S, Is, Is) is a self-similar structure. 

Definition 3.7. We refer to the self-similar structure (S, Is, Is) °f Corollary 
\3.6\ above as the strict self-similar structure, and say that S is strictly 
self-similar. When the distinction is important, we will contrast this with non- 
strict self-similarity or self-similarity up to isomorphism. 



Remark 3.8. From Proposition 3.5 above, the unique object of every untyped 
monoidal category is strictly self-similar. Thus we may consider untypedness as 
strict self-similarity. In Section [5l we exhibit a canonical procedure for stric- 
tifying non-strict self-similarity. We also demonstrate that self-similarity and 



associativity cannot be simultaneously strictified (Theorem 9.12) 



4 Categories generated by objects 

In a similar manner to MacLane's approach to coherence for monoidal cate- 
gories, we will study self-similarity via monogenic categories (i.e. categories 
whose objects are tensor copies of a single distinguished object). We first study 
the theory of monogenic categories and their relationship to categorical co- 
herence theorems via two distinct related ways in which a single object of a 
semi-monoidal category may generate a monogenic category. 

4.1 Subcategories generated by an object 

Definition 4.1. Given an object A of a semi-monoidal category (C, ®), we 
define (Ca, ( S>), the semi-monoidal subcategory generated by S to be the full 
subcategory whose objects are given inductively by 

. AeOb(C s ), 

• Given U, V G Ob(C s ), then U <g> V e Ob{C A ), 

Composition, tensor, and canonical isomorphisms are inherited from (C,(8>) in 
the obvious way; thus (Ca,®) is a semi-monoidal category. 

When A is the unique object of an untyped monoidal category (C, <8>), then 
(C, ®) = (Ca, ®). This is in stark contrast to the method of producing a mono- 
genic category from a single object of a monoidal category we now describe: 



4.2 Categories freely generated by an object 

Given a single object A of a semi-monoidal category (C,®), we may define a 
category whose objects are binary bracketings of a single symbol, and whose 
arrows, composition, and tensor are defined in terms of those of (Ca, <S>)- 

Definition 4.2. Given two formal symbols X, □, we define Treei xa \ to be the 
set of all formal strings defined inductively as follows: 

• x € Treet Xi a)- 

• Given u, v £ Tree/ xa \ then (uOv) £ Treei x n)- 

Such strings are well-bracketed, and correspond to non-empty labelled binary 
trees in the obvious way. Given t € Treei xU ), the rank of t is defined to be the 
number of leaves of t, or equivalently, the number of occurrences of the symbol 
x in t when given as a bracketed string. 

Definition 4.3. Given an object A of a semi-monoidal category (C,<S>), the 
instantiation map inst : Tree^A.u) — > Ob(CA) is defined inductively, by 

• inst(A) = A. 

• inst(uOv) = inst(u) (g> inst(v). 

We extend the above mapping to a functor in Definition |4.5| below; however, 
we first describe the source of this functor: 

Definition 4.4. Let A be a object of a semi-monoidal category (C,®, T _). 
We define (VlatA, n , *_,_,_)> the (semi-monoidal) category freely generated by 

A, as follows: 

• (Objects) Ob{Plat A ) =Tree {A ,n)- 

• (Arrows) VlatA(u,v) = C A(inst(u) , inst(y)) . 

• (Composition) This is inherited from Ca in the obvious way. 

• (Tensor) On objects, the tensor of u and v is simply the binary tree uOv. 
On arrows, given f € VlatA(p, q) and g £ VlatA{u, v), their tensor is 

fOg = f (gi g G C A{inst(jpUu) , inst(qOv)) = VlatA(p^u, qOv) 

• (Canonical isomorphisms) Given arbitrary u,v,w € Tree^ x _ U ), we de- 
fine 

t u ,v.w S VlatA{ud(vOw), (uOv)Ow) 

by t UtV , w = T inst ( u ) Mst ( v ) Mst ( w ), which is an arrow of 
CA(inst(uO(vOw)) , inst((uOv)Ow)) = 
CA(inst(u) ® (inst(v) <g) inst(w)), (inst(u) (8> (inst(v)) (g> inst(w)) 
as required. 



Based on the substitution map of Definition |4.3| we now describe a functor 
from (PlatA, □) to (Ca,®)-- 

Definition 4.5. The instantiation functor is the semi-monoidal functor 
InstA '■ (PlatA,^) — > (Ca, ®) defined as follows: 

• (Objects) Given t G Ob(PlatA) = Tree^A.a), we define InstA(t) 
inst(t) as in Definition^. 



• (Arrows) Given f G VlatA(p,q), recall that 

Vlat A (p, q) = C(Inst A (p), Inst A (q)) 
We then define InstA(f) = f € C(InstA(p),InstA(q))- 

The functor InstA ■ (VlatA, □) — ► (Ca,®) may readily be seen to be epic. 
Of particular interest is the special case where it is an isomorphism: 

Definition 4.6. Let A be an object of a semi-monoidal category (C,£§)). We 
say that A is free (with respect to (_® _)) when the semi-monoidal functor 
InstA '■ ('PlatA, Q) — * (Ca,®) *s aw isomorphism. 

Remark 4.7. The intuition behind the notation The notation VlatA 
comes from the intuition that the category freely generated by an object is the 
'platonic ideal' of the subcategory generated by an object. By contrast to (Ca, ®), 
the category (VlatA, n) avoids what ' t 28l refers to as 'unwanted identifications 
of objects'. We shall see that in (VlatA, n), the formal statement of MacLane's 
coherence theorem for associativity f28f coincides with the commonly-used but 



inaccurate informal characterisations (see Section 6.1 and Theorem 6.6). 

It may be wondered, in that case, why we do not simply follow MacLane's 
lead, and concentrate on monoidal categories with free objects? The difficulty 
is that replacing the subcategory generated by an object with the category freely 
generated by an object will destroy the very property that we wish to study - 
the untypedness of untyped monoidal categories, as we now demonstrate. 

4.3 Free versions of untyped categories 



Based on construction of Definition [44] above, we observe a close connection be- 
tween the identity arrow of an untyped monoidal category, and the code/decode 
arrows of a self-similar structure. 

Lemma 4.8. Let (U,*) be an untyped monoidal category with single object S S 
Ob(U). Then (Vlatg,n) has a countably infinite set of objects; further, these 
are all self-similar, with code/decode arrows provided by copies of the identity 
l s eU(S,S). 

Proof. Since (hi,*) is untyped, by construction Vlat$(S, SOS) = U(S, S). Sim- 
ilarly, Vlat s (SnS,S) = U(S,S). We thus take < e Vlat s (SaS,S) to be the 
identity I5. Similarly, we take > € Ts(S,SOS) to be the identity I5. The 



defining equations of a self-similar structure, <> = Is and >< = lsns follow 
from the definition of composition in Viols- Similar considerations demonstrate 
that (A, Is, Is) is a self-similar structure, for arbitrary A <E Ob(Vlats)- □ 

A particularly significant special case, with close connections to the theory 
of categorical coherence, follows from applying the above result to the trivial 
monoidal category: 

Definition 4.9. The trivial monoidal category (V, ®) is defined as follows: 

• Objects Ob(V) = {x} 

• Arrows V(x,x) = {l x }- 

• Tensor x ® x — x, and l x l x = l x . 

Since (V, ®) has a single object, it is an untyped monoidal category, and 



thus (V x ,®) — (V,®); however, (Plat x , □) is very different, as Lemma 4.8 
above demonstrates. We now give an explicit description: 

Definition 4.10. The monogenic self-similar category (X, □) was defined 
in \lty to be the following monoidal category: 

• Objects Ob(X) = Treer Xi u) 

• Arrows There exists a unique arrow (b <— a) G X(a, b) between any two 
objects a, b € Ob(X). 

• Composition (c <— b)(b <— a) = (c <— a), for all a,b,cG Ob(X). 

• Tensor Given u, v G Ob{X), their tensor is the binary tree uOv. The 
definition on arrows follows from uniqueness. 

To see that (X, □) is a monoidal category, and not just a semi-monoidal cate- 
gory, note that arbitrary e G Ob(X) will act as a unit object. For all u £ Ob(X), 
by definition there exist unique isomorphisms 

A u = (u 4— eUu) , p u = (u <— uOe) 

The unit triangle condition is satisfied as a corollary of uniqueness, as are the 
obvious diagrams expressing naturality. Thus, (X , □) is not only monoidal, but 
degenerate. 

By definition, every object of (X, □) is self-similar; for every object u € 
Ob(X), there is a unique isomorphism (uOu <— u) E X(uOu,u). Also, as in 
Remark |3.4| the arrows exhibiting this self-similarity are unique, not simply 
unique up to isomorphism — we will see in Corollary |9.14 that uniqueness 
implies degeneracy. 



Lemma 4.11. Let (V,<8)) be the trivial monoidal category of Definition 4- 
above. Then the category (Vlat x ,d) freely generated by its unique object x is 
isomorphic to the posetal self-similar category (X , □). 
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Proof. By definition, (Plat x , □) and (X, □) have the same objects. Also, every 
homset Vlat x (u,v) is a copy of V(x, x), and thus contains exactly one arrow 
— composition is therefore determined by uniqueness. Thus, Vlat x and X are 
isomorphic categories. Uniqueness of arrows implies that the monoidal tensor 
is uniquely determined by its action on objects - again, this is identical for X 
and Vlat x , by definition. Thus (F x , □) = (X, D). □ 

Readers familiar with MacLane's coherence theorem for associativity 28 
will recognise that the monogenic self-similar category (X , □) contains (up to 
a technicality that we now describe, relating to the unit object) a copy of a 
posetal category on which his theorem relies in an essential manner. 

Definition 4.12. The monogenic (unitless) monoidal category W has 

the same objects as X. There exists a unique arrow (t •<— s) 6 W(s,t) when 
rank(s) = rank(t); otherwise W(s,t) is empty. Given objects r,s,t G Ob (W) 
of the same rank, then uniqueness implies (t <— s)(s 4— r) = (i 4— r) . 

For all objects p, q € Ob(W), their tensor is the treepOq; the tensor of arrows 
is determined by uniqueness, as for composition. The associativity isomorphisms 
are the unique arrows in W(aD(6nc), (aOb)Oc) for all a,b,c G Ob(W), and 
MacLane 's pentagon condition is trivially satisfied as a corollary of uniqueness. 
To see that (W, □) is unitless, note that for arbitrary u £ Ob(W) the functor 
uO_ : W — )• W is a strictly rank-increasing operation on objects. Thus (W, □) 
does not have a unit object. 

There is also an obvious semi-monoidal embedding nat : (W, □) — > (X, □) 
defined by 



• 



(Objects) Given t e Ob(W) = Ob(X), then nat(t) = t e Ob(X). 



• (Arrows) Given (v <— u) € W(u,v), then nat(v <— u) = (v <— u) € 
X(u,v). 

We call this the natural embedding. 

Remark 4.13. The semi-monoidal category (VV, □), defined above, is exactly 
MacLanes's 'monogenic monoidal category' with the unit object (i.e. the empty 
binary tree) removed. Applying the construction of Appendix W\ to (W, □) will 
recover MacLane 's monogenic monoidal category. 

By construction, (W, □) is also isomorphic to a semi-monoidal subcategory 
of (X, □). However, because of the different roles these two categories play in 
categorical coherence (see, in particular, Section uy, we do not refer to (W, □) 
as a semi-monoidal subcategory of (X ', □) — rather, we talk explicitly about the 
embedding nat : (W, □) c —^ {X, □). This also demonstrates the rather counter- 
intuitive property that a non- degenerate semi-monoidal category can be isomor- 
phic to a semi-monoidal subcategory of a degenerate monoidal category; semi- 
monoidal functors need not preserve unit objects. 

We now investigate the connection between self-similarity and coherence, 
with particular reference to monogenic and untyped categories. 
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5 Diagrams, and posetal categories 

Although there is no universally accepted formal characterisation of what does, 
and does not, constitute a coherence theorem, a common feature is simply that 
a large class of diagrams in all categories of a certain form, built from structural 
isomorphisms, are guaranteed to commute. Coherence theorems are thus ex- 
ceedingly useful in simplifying category-theoretic calculations; the most famous 
example of this is undoubtedly MacLane's coherence theorem for associativity, 
a corollary of which states that every monoidal category that is associative up 
to isomorphism is equivalent^] to one that is strictly associative. 

5.1 Diagrams over categories 

Diagrams, and the notion of a commuting diagrams, have been core to category 
theory since its origins. We will work with the following very formal definition; 
such a level for formality is required in order to describe the manipulations we 



will later perform on diagrams (e.g. Section 10 ) 



Definition 5.1. Let C be a category. A diagram S = (N,E,<fi,ip) over C 

consists of 

1. An underlying directed graph (N,E) with 

• A finite set N of nodes. 

• A finitely indexed family E = {ej = (tj, Sj) G N x N}j e j of edges 
between notes. 

The underlying digraph is required to be acyclic; that is, the relation R = 
Uie / e j — N x N is nilpotent, so R k = 0, for some k <G N. 

2. An object assignment map <fi : N — >• Ob(C). 

3. An edge assignment, ip : E — > Arr(C), that is required to satisfy ip(ej) <E 

A path within a diagram 25 = (iV, E, (j>, ■0) is a function p : {0, . . . , n} — > J for 
some neN, satisfying <ft (s p r x+ i\) = (f> (t p ( x \) , for all x — 0, . . . , n. The source 
of p is the node s p t \, and the target of p is the node t p i n \. The label along 
a path p is the formal string of arrows tp (e p ( n )) ip ( e p(n-i)) • • • V* ( e p(o)j ■ The 
composite along a path is the single arrow in C(<j)(t n ),<j)(so)) given by taking 
the composite of this formal string within C. 

Two paths p, q are called equivalent when the composite along p is the same 
arrow of C as the composite along q. A diagram S is said to commute when 



3 The definition of equivalence in this result is very precise; however, it is sometimes stated 
more casually as 'we may ignore non-strict associativity with no side-effects'. To see why such 
an informal description has potential to be seriously misleading, we refer to Section 17.31 
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for any pair of nodes m,n € N with at least one path of length > 2 between 
thenyj all paths from m to n are equivalent. 

A functor T : C — > M has an obvious extension to diagrams over C. Given 
a diagram 55 = (N,E,<f>,ip) over C, the diagram T(55) over M. is given by 
T(55) = (N,E,<f/,ip'), where <f>'{n) = T(<f>(n)) and tp'(j) = T(ijj{j)) (note that 
the underlying graph is the same in both cases). A simple consequence of func- 
toriality is that if a diagram 55 commutes, so does T(55). 

It is almost immediate that given diagrams 55 and l£ over the same category, 
their disjoint union 55 1+1 £ (with the obvious definition) is a well-defined diagram, 
and 55 l±J £ commutes iff '55 and (£ both separately commute. Similarly, one may 
form 55 x (E in the obvious way, and the same property holds. 

Remark 5.2. The above formal definitions are sometimes relaxed somewhat, to 
allow - for example - diagrams with an infinite set of nodes, or diagrams with 
identity loops at objects. Although such extensions are occasionally useful for 
reasoning, the diagrams predicted to commute by various coherence theorems are 
not of this form. We therefore work with the more restrictive class of diagrams, 
and explicitly indicate where a generalisation is required. 

5.2 Categories where all diagrams commute 

Of particular importance in categorical coherence is categories where all dia- 
grams commute. This property has a straightforward characterisation: 

Definition 5.3. A category where all hom-sets have at most one member is 
called posetal. 

Lemma 5.4. A category is posetal iff all diagrams over C commute. 

Proof. 

(=>) Consider an arbitrary diagram 55 over C. By definition, the composites 

along any set of equivalent paths are members of the same hom-set. Thus, as C 

is posetal, they are equal and so 55 commutes. 

{<=)■ Consider arbitrary objects X, Y £ Ob(C), together with arrows f,g £ 

C(X, Y). Then the diagram 




commutes and hence / = g € C(X, Y). □ 



4 Many thanks to S. Abramsky (Oxford) for pointing out that this path length condition 
is required in order to accommodate diagrams involving equalisers. 
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Corollary 5.5. The only monoid (i.e. single-object category) over which all 
diagrams commute is the trivial monoid {1}, and thus the only untyped monoidal 
category over which all diagrams commute is the trivial monoidal category of 
Definition^. 



Remark 5.6. Given an arbitrary semi-monoidal category (C,(8>,r), one may 
consider the wide subcategory whose arrows are inductively generated by the 
toolkit {_ ® -,T M _,1_,( ) }■ When C is an untyped monoidal category, this 
wide subcategory will be a subgroup. A natural question is what Corollory \5.5\ 
means for such subgroups, and what is the relationship with MacLane '$ coher- 
ence theorem for associativity? We address this question, as part of a larger 
consideration of coherence in the untyped setting, in the following sections. 

6 Coherence in monogenic categories 



The posetal category (W, □) of Definition 4.i2 has a well-established role in the 
theory of coherence for associativity. We use this to describe the special predic- 
tions this theory makes for both free and untyped categories, and the interaction 



between the two given by the instantiation functor of Definition 4.5 This will 
also serve as a prototype for studying (via the embedding of the monogenic 
unitless monoidal category (W, □) into the monogenic self-similar category) the 
interaction of coherence for self-similarity with coherence for associativity, in 
the typed and untyped settings. 

6.1 Do all canonical diagrams commute? 

Coherence theorems are concerned with the commutativity of canonical dia- 
grams — that is, diagrams built up from structural isomorphisms. 

Definition 6.1. A diagram over a category is often called canonical when its 
arrows are built up inductively from the distinguished arrows for some categorical 
structure (e.g. associativity, symmetry, distributivity , self- similarity, &c.) and 
the monoidal tensor (s). 

MacLane's coherence theorem for associativity is often stated as "All canon- 
ical (for associativity) diagrams commute" — however, although this is a com- 
mon characterisation — found in sources ranging from Wikipedia (accessed 
10/03/2013) and other online resources, to several textbooks — it is also an 
oversimplification^] 

5 Some of the potential for confusion may arise from the original exposition in [28| — 
compare 'Moreover "all" diagrams involving a, X, p must commute' (p. 158), with 'These three 
diagrams imply that all such diagrams commute' (p. 159), and 'we can prove only that every 
"formal" diagram commutes' (p. 161). Although 1281 does not provide concrete examples 
of canonical diagrams that do not commute, the possibility is recognised, and the machinery 
put in place to deal with such structures. A remarkable coincidence is that a concrete class 
of examples (the C-monoids modelling untyped lambda calculus) were first published in the 
same year as |28j . Also, as pointed out to the author by J. Vicary (Oxford), the very category 
MacLane uses to justify non-strict associativity (due to J. Isbell) also has this property that 
not all canonical diagrams commute. 
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A simple illustration that this is not always the case is provided by the un- 
typed monoidal category of Figure [II Consider the following canonical diagram: 




This is certainly a canonical (for associativity) diagram. However, it does not 
commute. From the elementary definitions, 



r(n) 



In 

n+ 1 

Tl-l 

2 



n (mod 2) = 0, 
n (mod 4) = 1, 
n (mod 4) = 3. 



Similarly, 



(1 N *r)(n) 



n n (mod 2) 

In — 1 n (mod 4) 
n + 2 n (mod 8) 
n (mod 8) 



ra-l 
2 



and 



(r*l N )(n) = 
Substituting an actual value gives 



In n (mod 4) 

n n (mod 2) 

n + 2 n (mod 8) 

5±1 n (mod 8) 



0, 
1. 
3, 

7, 

0. 
1. 
2. 
6. 



t(1n*t)(1) = 2 whereas (t*1n)(1) = 1 

and thus the above diagram does not commute. 

It is sometimes claimed that such diagrams fail to commute because non- 
trivial untyped monoidal categories do not have a unit object — and implicitly, 
that MacLane's coherence theorem for associativity is not applicable to unitless 
monoidal categories. To demonstrate that this is not the case, we refer to 
Appendix [B] where a systematic method of adding a unit object to a unitless 
monoidal category is given, resulting in a monoidal category. Adding a unit 
object in this way makes absolutely no difference to either the endomorphism 
monoid, or the monoidal structure, at the object N. 

We now study the class of diagrams that are predicted to commute by 
MacLane's coherence theorem for associativity, and provide a construction that 
replaces an arbitrary monogenic category with one in which all canonical (for 
associativity) diagrams do indeed commute. 
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6.2 Coherence for associativity in monogenic categories 

The class of diagrams predicted to commute by MacLane's theorem for asso- 
ciativity are defined in terms of images of a substitution functor from the free 
monogenic monoidal category. We now describe (the unitless version of) this 
functor: 

Definition 6.2. Let A be an arbitrary object of a semi-monoidal category 
(C,<8>, t _). MacLane's associativity substitution functor 

WSub Ae0b{c) : (W,a) -> (CU,®) 

is defined inductively below. To simplify notation, we will elide the subscript, 
and simply write 

WSub: (W,0)->(Ca,®) 

when the target object and category are clear from the context. 

The inductive definition is as follows: 

• (Objects) WSub is defined inductively by: 

- WSub(x)=AeOb{C A ). 

- WSub{uUv) = WSub(u) ® WSub{v) 

• (Arrows) Given arbitrary trees a,b,c€ Treei xU \, and arbitrary trees of 
the same rank u, v £ Tree^ xn ). let us denote the unique arrow in W(u,v) 
by (v <— u). The functor WSub is defined inductively on arrows, as fol- 
lows: 

- WSub(a <- a) = l W sub(a) G C A {WSub{a), WSub(a)). 

- WSub((aab)a c ^- aa(bDc)) = r W Sub(a),WSub(b),WSub(c) 

- WSub{aUv <r- aOu) = lyvSu&O) ® WSub{v 4- u) 

- WSub{bUu <- aOu) = WSub(b <- a)Dl WSub{u) 



Remark 6.3. The semi-monoidal functor of Definition 6.2 above is not exactly 
as given by MacLane; his definitions included the empty tree as the unit object 
for (W, □), together with the obvious definition of WSub on this object. The 
addition or removal of this object may be dealt with using the tools of Appendix 

m 

Remark 6.4. Lt is non-trivial that WSub : (W, □) — > {Ca,®) is a semi- 
monoidal functor. This is a consequence of (in fact, equivalent to) the require- 
ment that the associativity isomorphisms for (Ca,<8>) satisfy the Pentagon con- 
dition [281. A significant part of the proof of MacLane 's coherence theorem for 
associativity is devoted to proving this. Once the functoriality of WSub_ has 
been proved, naturality and substitution are used to extend this theory to the 
multi-object case. 
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6.3 Splitting MacLane's substitution functor 



In order to study which diagrams in a semi-monoidal category commute, we now 
consider semi-monoidal categories in which all canonical diagrams commute. 
We do this by 'splitting' the above associativity substitution functor WSubA : 
(W, □) — > (Ca, (X 1 ), into the composite of a monomorphism and an epimorphism 
in the category of small semi-monoidal categorie^j — we demonstrate that it 
factors through {Plat a, n ), the semi-monoidal category freely generated by the 
object A £ Ob(C). A consequence of this is that every canonical diagram in 
{PlatA, n) is guaranteed to commute. 

Lemma 6.5. Let A be an arbitrary object of a semi-monoidal category (C,®). 
Then the following diagram of semi-monoidal functors commutes, and splits 
WSubA into the composite of a monomorphic and an epimorphic semi-monoidal 
functor. 



(W,n) 



WSui) Ae05 (p la , A ) 



(Vlat A ,a) 



WSub Ae0b( c A y 



Inst/ 



(C A ,®) 

Proof By definition, Ob(W) = Tree x , a , and Ob(Plat A ) = Tree A ,n- Thus, 
when restricted to the set of objects, YVSubA<=ob(viat A ) ■ (W, □) — > (PlatA, n ) 
is the obvious bijection between Tree x ^u and TreeA,a ■ Thus, as there exists at 
most one arrow between any two objects of (W, D), functoriality implies that 
WSub A eob(viat A ) is monomorphic. 

Now observe that by definition, for all u £ Ob(W), 

WSub A eOb(c A )(u) = inst(WSub A eOb(viat A )(u)) 
where inst : TreeA.a — > Ob(CA) is as in Definition 



4.3 



The required conditions from Definition 4.12 are then satisfied by (semi- 
monoidal) functoriality. Finally, recall that by construction (Definition 4.5), 
Inst a '■ (PlatA, Q) — ► (Ca, ®) is epimorphic. Thus the required diagram com- 
mutes, and splits W SubA<£Ob(c A ) ln ^ t ne composite of a monomorphism and 
an epimorphism. D 

We now describe a range of categories for which all canonical (for associa- 
tivity) diagrams commute. Precisely, we demonstrate that given an arbitrary 
object A of a semi-monoidal category (C, ®,r<>), MacLane's coherence theo- 
rem for associativity implies that all canonical diagrams over the category freely 
generated by A are guaranteed to commute. 

6 We emphasise that although (C, (S>) may be a large category, and have a proper class of 
objects, the monogenic categories (Ca, ®) and (VlatA, d) are both small categories. Thus, in 
this setting, we may discuss actual monomorphisms and epimorphisms without reference to 
concepts such as 'essentially injective', or similar. 
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Theorem 6.6. Let A be an arbitrary object of a semi-monoidal category (C, £g>). 
Then all canonical (for associativity) diagrams over (VlatA, Q) commute. 

Proof. We have seen that the semi-monoidal functor 

WSub Ae0b (viat A ) ■ (W,n) -> (Vlat A ,a) 

is monomorphic. Thus the subcategory of (VlatA, d) given by the image of this 
functor is exactly the semi-monoidal subcategory generated by the canonical as- 
sociativity isomorphisms, identity arrows, and the monoidal tensor. As (W, □) 
is posetal, all diagrams over the image of WSub x : (W, □) — > (VlatA, □) com- 
mute; however, these are exactly the canonical diagrams over (VlatA, Q). □ 

Corollary 6.7. Lei A fee a free object of some semi-monoidal category (C,<S>). 
Then every canonical diagram over (Ca,®) commutes. 



Remark 6.8. Theorem \6.6] above suggests an alternative way of character- 
ising those diagrams in the subcategory generated by an object that may be 
guaranteed to commute. Let A be an arbitrary object of a semi-monoidal cat- 
egory (C,<S>). The diagram that MacLane's coherence theorem for associativ- 
ity predict to commute are simply those diagrams that are the image of some 
canonical diagram over (VlatA, Q), under the image of the instantiation functor 
Inst A ■■ (Vlat A ,a) -> (Ca,®). 

This may, of course, be seen as a somewhat more complicated method of 
characterising such commuting diagrams, especially as the proof piggy-backs on 
the usual method of characterising commutativity of canonical diagrams. How- 
ever, it will prove useful in later sections on self-similarity and untyped monoidal 
categories, where - given a self-similar object S G Ob(C) - we exhibit a full and 
faithful semi-monoidal functor from (Vlat$, Q) to an untyped monoidal category 
at the endomorphism monoid of S. 

6.4 Coherence for self-similarity 

By analogy with the associativity substitution functor, we give a semi-monoidal 
substitution functor from (X,d) into the category (Cs,<S>), for arbitrary self- 
similar objects S G Ob(C). Taking the decomposition of MacLane's substitu- 
tion functor into the decomposition of a monic and an epic as motivation, we 
define this substitution functor in terms of such a composite. We first require a 
preliminary definition: 

Definition 6.9. Let (S, <, >) be a self-similar structure of a monoidal category 
(C,(8>). For all objects t G Ob(Vlats) of the category freely generated by S, we 
define the generalised code / decode arrows <\ t G Vlats(t, S) and \> t G 
Vlats(S,t) as follows: 

• <is = \>s = lse Vlat s (S,S) 

• <sns = < G C S (S ®S,S) = Vlat s (SaS, S) 
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• >sns = > e C S {S, S®S) = Vlat s {S 7 SaS) 

• <uOv = <SUs{<u U <v) 

• \>uUv = (>u a >v)>SDS 

It is immediate from the definition that <\t and \>t are mutually inverse iso- 
morphisms. Let us denote the obvious substitution bijection from Tree x ,o to 
Tree Sl u by 

sub : Tree x ,a ^ Trees.u 

We use this bijection and the above generalised code / decode arrows, to define 
a semi-monoidal monomorphism t<> : (X , □) — > ('Plats, C) as follows: 

• (Objects) io(u) = sub(u) <G ObifPlats) 

• (Arrows) Given m,»6 Ob(X), then t<j > (v <— u) = ^subM^subtu)- 

• (Tensor) Given u,v,a,b £ Ob(X), then 

i <X>(( v <~ u)D(b «- a)) = > su b( v ) <l S ub(u) D >sub(b) <sub(a) 

Proposition 6.10. The map i <D> : (X ', □) — > (Vlats, □) defined above is indeed 
a semi-monoidal monomorphic functor. 

Proof. 

1. (Identities) For all u G 06(Af), 

t<t>(« <~ u ) = >su6(u)<W(ii) = l S u6(«) ^ Vlat s (sub(u),sub(u)) 

2. (Composition) For all u,v,w € Ob(X), 

'<>(» «~ u)to(v <- U) = > SU 6( W ) < S u6(d) >su6(u)<1su6(u) 
= >s«b(M))ls<s«6(«) = <-o(w <— u) 

3. (Tensors) For all u, v,p,q e Ofe^), 

^(« D 9 <- M D f) = >su6(t;Dg)<au6(uOp) 

— (^> sub(v)^^> sub(q)) ^> sub(xUx) <! 'sub{xUx)\ <! 'sub{u)^ < ^sub(j>)) 
= ([>su&(T;) D >su&(g))(^su6(u) n< ]su6(p)) 

= t>„ <l u □ O, <] p 

= to((v<-«)a(«<-p)) 

The fact that t <D> is monomorphic follows from the fact that (X, □) is posetal, 
and Ofe(A') = ObffPlats)- This also implies that the image of /,<> is a wide 
subcategory of (F Sl □). □ 
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Definition 6.11. Let (S, <,>) be a self-similar structure of a semi-monoidal 
category (C,®). We define the self-similarity substitution functor to be 

the semi-monoidal functor XSub <> : (X, □) — > (Cs,<3>) gii>en 6j/ the following 
composite: 

(Af, □) — ^3. (Wats, n) 

7ns£,g 

(Cs,®) 




v4s /or MacLane's substitution functor (Lemma 6.5), this is the composite of a 



monomorphism and an epimorphism in the category of small categories. 

Remark 6.12. Although the category (X , □) is degenerate, the target of the 
above semi-monoidal functor will not, in general, be degenerate. Recall that a 
semi-monoidal embedding (V, ®) <-» (C, ®) of a monoidal category into a semi- 
monoidal category need not preserve the unit object of (T>,®). 

We are now in a position to give our first simple coherence result on self- 



similarity, as a corollary of Proposition 6.10 



Theorem 6.13. Let (S, <, >) be a self-similar structure of a semi-monoidal 
category (C,®), and let XSubs.<^> '■ X — ¥ Cs be as above. Then every diagram 
over Cs of the form XSub <s> ('S), for some diagram D over X , is guaranteed to 
commute. 

Proof. By contrast with coherence for associativity, this needs almost no prov- 
ing. Applying a functor to a diagram preserves commutativity - also, (X ', □) is 
posetal, and thus all diagrams over (X, □) commute. The result follows imme- 
diately. □ 

Corollary 6.14. Let (S, <, >) be a self-similar structure of a monoidal cate- 
gory. Then every diagram 2) over (Vlats, Q) built inductively from the following 
toolkit 

• < € Vlat s (x,xUx) 

• > € Vlat s (xUx,x) 

• _□_ 

is guaranteed to commute. 

Corollary 6.15. Let (S, <, >) be a self-similar structure of a monoidal cate- 
gory. Then every diagram 2; over (Cs, <8>) ; built inductively from {<], >, _ (g) _}, 
that is the image of some diagram 'D over (Vlats, □) is guaranteed to commute. 
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6.5 Coherence conditions for self-similarity 

Although the above coherence theorem for self-similarity is remarkably close in 
spirit to MacLane's coherence theorem for associativity, there is one essential 
difference — at no point have we given a set of coherence conditions for self- 
similarity. The simple reason for this is that none are required. 

The coherence conditions for associativity introduced by MacLane are both 
necessary and sufficient to ensure that the substitution functor for associativity 



WSub : (W, □) — > (C,<8>), as reproduced in Definition 4.12 is indeed functorial 
and strictly tensor-preserving. 

By contrast, the substitution functor for self-similarity XSub : (X, □) — > 
(C, <8>) is given as the composite of two strictly tensor-preserving functors (Propo- 
sition 6.10 and Definition 4.5 1, and no additional 'coherence' conditions are re- 
quired to ensure that it is indeed a semi-monoidal functor. We now investigate 
the implications of this, with particular reference to the natural semi-monoidal 
inclusion of (W, □) into (X, □). 

7 Combining associativity and self-similarity 

MacLane's coherence theorem for associativity relies on images of (W, □) under 
monoidal functors based on substitution. We have used a similar substitution 
functor from the monogenic self-similar category (#,□), to give simple coher- 
ence results for self-similarity We now study the relationship between these 
functors, and their interaction. 

In particular (W, □) is (isomorphic to) a wide semi-monoidal subcategory of 
(Af, □). A very natural question is then whether, or under what circumstances, 
the self-similarity substitution functor, when restricted to (W, □) =-> (X, □), is 
precisely MacLane's associativity substitution functor? 

Diagrammatically, this question becomes clear; we know that the diagram of 
Figure [7] when restricted to solid lines, commutes. The question is, when we add 
in the natural semi-monoidal inclusion of (W, □) into (X, D) shown as a dotted 
line at the top, does the diagram still commute - i.e. is MacLane's substitution 
functor the obvious restriction of our substitution functor? 

7.1 Coincidence of substitution implies degeneracy 

We first answer the question posed above in the trivial case where the substitu- 
tion functors are simply identity functors. 

Proposition 7.1. For all a,b,c € Ob(X), let 

i~ a .b,c :€ X{aU(bUc), (aDfr)Dc) , <\ x a x € X {xUx, x) , t> lDl € X(x, xUx) 

be the unique arrows in their respective homsets. Then the associativity iso- 
morphism T a ,b,c rnay be decomposed into an expression written in terms of 
{<lxDx> I>iOi, - a _}. 
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Figure 2: When does this diagram commute? 



(W,n 



WSu. 




(X,a) 



Proof. Following Definition 6.9 let us denote the unique arrows in X(w,x) and 
X(x,w) by <\ w : w — > x and t> w : x — > w respectively; these arrows have an 
(inductive) expression in terms of {<], t>, XL}, since, for all w — uOv, uniqueness 
implies 

<w = <uDv = <(<u D <u) , >w = t>«Du = (t>«Q>,)t> 

Since all diagrams of X commute, we may decompose t 0) (, )C as follows: 

aU(bn c ) ^^ s- (aD6)Dc 




Our result then follows by the inductive decomposition of < a o(ba c ) an d t>(aDh)n c 
into more primitive operations. D 

The above simply shows that in the trivial case where (Cs,<8>) — (X, D), 
the diagram of Figure [7] does indeed commute, and allows for a decomposition 
of associativity isomorphisms into what are arguably more primitive arrows. 
However, recall that (X, □) is a degenerate monoidal category — every object 
acts as a unit object for the monoidal structure, so this a special case. 

We now demonstrate that this is in fact the general pattern; MacLane's 
substitution functor is the natural restriction of our self-similarity substitution 
functor exactly when the target category is degenerate. 

Theorem 7.2. Let (S, <3, >) be a self-similar structure of a semi-monoidal 
category (C,®), and let the semi-monoidal functors not : (W, □) — > (X,D), 
WSubs : (W, □) -> [Cs, ®) and XSub^ : (X } □) -> (C s , ®) be as given in Def- 
initions \4-12\ \6-2\ and \6.1l\ respectively. Then the commutativity of the following 
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diagram 

(W,n)c 





implies that (Cs,(B>) is degenerate; every object is isomorphic to the unit for 
(.«..). 

Proof. We have seen that both WSub_ and XSuh_ factor through the same semi- 
monoidal cpimorphism, Insts : {Plats, C) —* {Cs, <8>), so it suffices to show that 
the commutativity of the following diagram 

(W, □) — >- (X, □) 

WSub, 

(Plats, a) 

implies the degeneracy of {Plats, □). 

Let us now assume that the above diagram does indeed commute. First 
observe that all three categories in this diagram have isomorphic sets of objects 
(i.e. binary trees over a single symbol); we abuse notation slightly and elide the 
obvious symbol substitutions (i.e. we treat Pis as though its set of objects is 
Tree x _n rather than Trees,n)- Up to this notational simplification, the given 
functors are all the identity function on this single set of objects; we will simplify 
our notation accordingly. 

By definition of WSub x , the associativity isomorphisms of {Plats, E) are 
given by 

Tabc = yVSub({aUb)Uc <- aU(bUc)) Ma, 6, c e Ob{Plat s ) 

However, since the above diagram commutes, we may write this in terms of i <s> 
as r a ^, c = i <s> ((aUb)Uc <— ad(bnc)). Now fix some arbitrary e € Ob(X) = 
Ob{Plat s ), and define, for all a e Ob(Vlat s ) = Ob(X), 

X a = i <s> (a 4— eOa) G Vlats(eOa,a) , p a — t<>(a <— aDe) G Vlats(aOe, a) 

Since (X, □) is posetal, the following diagram over (X , □) commutes: 

aa(eOb) s- (aDe)nfe 



aUb 

(We omit the labels on the edges of this diagram, since they are uniquely deter- 
mined by their source and target nodes). Applying the semi-monoidal functor 
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i<t> : (X, □) — > (Vlats, □) to this diagram, we get the following diagram over 
(Plats, a): 



Ta,c,b 



aU(eUb) - > [aUe)Ub 



iDb 



However, this is exactly MacLane's units triangle, giving the defining interaction 
of the canonical arrows for the unit object with the canonical arrows for associa- 
tivity. Thus, e e Ob(Plat s ) is a unit object for (F s , □ ). Finally, e € Ob{Vlat s ) 
was chosen arbitrarily; thus (Fs, □) is degenerate. D 

Remark 7.3. The above results demonstrate that for any non- degenerate self- 
similar object S in a semi-monoidal category, the two distinct substitution func- 
tors WSub and XSub can never coincide (precisely, WSub can never factor 
through the natural inclusion of W into X '). To force such a coincidence (e.g. 
by composing with a suitable co-equaliser) is to collapse S to a unit object. 

This is a strong restriction on self-similar structures within semi-monoidal 
categories; recall that a given self-similar structure at an object S is only unique 



up to unique isomorphism (Proposition 3.3); any isomorphism g : S — > S will 



determine a distinct self-similar structure, and hence a distinct self-similarity 
substitution functor; to avoid collapse, none of these may restrict to MacLane's 
associativity substitution functor. 

We will now give a significant class of examples in which WSub_ can only 
ever factor through XSub_. 

7.2 Untyped monoidal categories cannot be strict 

A natural area in which to apply the above results is that of untyped monoidal 
categories. As we now demonstrate, a simple corollary of Theorem |7.2| above is 
that strict untyped monoidal categories must be degenerate. 

Corollary 7.4. Let (M,®) be an untyped monoidal category. Then M is strict 
iff M is degenerate. 

Proof. 

(=>) Recall from Examples |3.2| that, in an untyped monoidal category J with 
unique object S € Ob(J) we may define a self-similar structure by (S, U, U^ 1 ), 
for arbitrary isomorphisms U € J(S,S). Let us take U £ J~(S,S) to be the 
identity I5 € J(S, S). The self-similarity substitution functor for this structure 
then maps all arrows of X to the identity, I5. Conversely, when (S, <g>) is strict, 
MacLane's associativity functor maps all arrows of W to the identity I5. 

Thus, trivially, WSubs factors through the natural inclusion into (X, □) and 
by Theorem 1 7 . 2 1 above , J is degenerate. 

(<=) It is well-established that there is a strict monoidal structure at the endo- 
morphism monoid of a unit object; functoriality, and the units triangle, implies 
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that this must be strict, and coincide (up to isomorphism) with the commuta- 
tive composition. The same proof applies to any putative alternative untyped 
monoidal structure at the unit object. □ 

Remark 7.5. The example of countably infinite matrices over some field F has 
been suggested as a potential counterexample to Corollary \7.4\ above. Matrices 
over a field form a category Maty whose objects are N U {00} . The hom-set 
Matf(a, b) consists of (b x a) matrices] over ¥, and composition is given by the 
usual Cauchy formula for matrix composition. 

The direct sum is a monoidal tensor on this category: for finite objects, this 
is simply addition a © x — a + x, and for arrows between finite objects, it is the 

familiar diagonal formula M © N = I _ .. . This is, of course, strictly 

associative; we also expect (following U9\j ) the above definition to generalise to 
infinite matrices in an obvious way, giving 00 = 00 © 00 as a self-similar object. 
Why, then, does this not contradict Corollary \7.4\ above ? The resolution 
comes in observing that the 'diagonal formula' description of the direct sum 
on arrows can only be formalised in a strictly associative manner for matrices 
between finite objects. A (b x a) matrix is a map M : [0, a) x [0, b) — > F where 
[0, x) — {0, 1, . . . ,x — 1} for finite i£N, and [0, 00) = N. For finite matrices, 
the informal definition of the direct sum above may then be formalised as stating 
that the direct sum of 

M : [0, a) x [0, b) -> F and N : [0,p) x [0, q) ->• F 

is the matrix (M © N) : [0, a + p) x [0, b + q) ->• F given by 

{m(x,y) x < a , y < b 

n(x-a,y- b) x>a,y>b 
otherwise. 

The problem comes when we try to extend the above formalisation to infinite 
matrices. Given A, B : N X N — ¥ F, what is their direct sum as a function 
(A® B) : N x N — > ¥? For a definition of (_ © _) that is applicable to infinite- 
dimensional matrices, we need to fix some self-similar structure at the natural 
numbers (N, <, >), and define the direct sum in terms of the code / decode iso- 
morphisms. For example, using the Cantor pairing of Appendix\A\ the formula 
may be given as 

A (|, I) x, y even, 

(A@B)(x,y) = \ B(z=±,U^) x,y odd, 

otherwise. 



7 The set of allowable matrices is commonly (at least, in the infinite case) be restricted 
by some summability condition, in order to make composition (and potentially, monoidal 
tensor) well-defined. The details of this restriction do not affect the substance of the following 
argument, and thus are elided. We also refer the interested reader to the Appendix of [15] for 
details of how the different summations found in theoretical computer science and analysis 
may be treated equally, in a more general framework. 
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This is the familiar interleaving of two infinite- dimensional matrices. The 
reader is invited to verify that this operation makes the monoid of countably 
infinite- dimensional matrices over some field F into an untyped monoidal cate- 
gory. However, the associativity is not strict, and as Corollary \7.4\ above demon- 
strate no strict monoidal tensor may exist at this monoid. 

7.3 Strictification of associativity 

MacLane's coherence theorem for associativity is sometimes stated as 'We may 
treat non-strict associativity as though it were strict, with no harmful side- 



effects'. For readers who feel that Corollary 7.4 is at odds with this, observe that 
MacLane quotes a result of J. Isbell on such a property in one particular category 
as justification for why non-strict associativity and categorical coherence are 
required. This example is a special case of Theorem |7.4| above. 

One may then wonder where this leaves the process of strictification - 
forming a strict version of a non-strict monoidal category? By definition, the 
strict version of a lax monoidal category (C, <8>, t<>) does not have the same class 
of objects as C. Usually, this strictification process is thought of as a 'reduction' 
on the objects — the (presumed) distinct objects A g) (B ® C) and (A ® B) ® C 
are in some sense identified. However, in the untyped setting, the strictification 
process can only 'expand' the collection of objects; where we once had a single 
object, we now have a countably infinite set of objects instead. 

Remark 7.6. Extreme care is needed in interpreting MacLane's theorem as 
'we can treat non-strict associativity as though it is strict, with no harmful 
side- effects'. For example, applying strictification to C-monoids (single- object 
Cartesian closed categories modelling untyped lambda calculus) must result in a 
multi-object Cartesian closed category. 



8 Retyping and untyped monoidal categories 



Another way of interpreting the results of Section |7T2| is simply that strict asso- 
ciativity cannot be combined with strict self-similarity. The strictification pro- 
cess for associativity is well-known, and heavily relied upon in many branches of 
category theory: we have seen how this process turns strict self-similarity (i.e. 



untypedness — see Section 3.3) into non-strict self-similarity. 

We now consider the dual situation — we give a strictification process for 
self-similarity. This results in, of course, untyped monoidal categories. We will 
also demonstrate how every untyped monoidal category arises in this way. 

This construction is based on the observation that, in categories where all 
objects are isomorphic (e.g. the subcategory generated by a self-similar object, 
or the category freely generated by a self-similar object), there is considerable 
freedom to use these isomorphisms to play with the typing (i.e. source and 
target) of arrows. The strictification process we present in Section [9] can be 
thought of as a 'type-erasing' construction derived from this notion of 'retyping'. 
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8.1 Retyping arrows 

The following definition axiomatises a notion of 'retyping' - i.e. re-assigning 
the source and target of arrows in a consistent way - that is appropriate for 
use within a semi-monoidal category in which all objects are isomorphic. In 
Proposition |8.3[ we will demonstrate that such a retyping operation exists in 



all categories freely generated by a self-similar object, and in Proposition 8.4 
we will demonstrate that a notion of self-similarity may be derived from such a 
retyping operation. 

Definition 8.1. A retyping operation for a category C is an object-indexed 
family of functions on hom-sets {R AB '■ C(A,B) — > C(X,Y)} AB x ,YeOb(C) 
satisfying 

1. Identity (I) R AtB (f) = f, for arbitrary f £ C(A,B). 

2. Identity (II) RfJ (1 A ) = 1 B , for all A, B e Ob(C). 

3. Compositionality R% Z c {g)R%l<J) = R^'cigf), for all f € C(A,B), 

g £ C(B,C), andX,Y,Z £ Ob(C). 



I Confluence RX B U) = Rxx ( R A,B(f))> f or al1 arrows f e C(A,B), 
and objects P, Q,X,Y € Ob(C). 

When (C,<S>) is a semi-monoidal category, we say that the retyping operation is 
a (strict) semi-monoidal retyping when it satisfies the following condition: 

5. Interchange For all f e C(A, B), g e C(X, Y) and P, Q,R,S £ Ob(C), 

R P A %{f)®R R x s Y {g) = R2xi%Uf®9)- 

When the context is clear, we will often omit the object-indexed subscripts 
on a retyping operation, and simply refer to R XY (f) 6 C(X,Y). Retyping 
operations, as defined above, are essentially reversible, as the following lemma 
demonstrates. 

Lemma 8.2. Let C be a category with a retyping operation 
\pfl :C(A,B)^C(X,Y)\ 

Then for all f eC(A,B), and X, Y e Ob(C), 



Rif(Rf.l(f))=feC(A,B) 



Proof. By the Confluence axiom, R X ' Y (^a'b(/)) ~ ^Asif)- By the Identity 
(I) axiom, R A ' B (/) = /. □ 
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The above property, although simple to prove, imposes strong restrictions 
on the sort of categories that can have a retyping operation; in particular, all 
objects must have isomorphic endomorphism monoids. In Section [8. 2| below, we 
discuss natural generalisations of the retyping axioms that may be applicable 
in more general settings. 

Retyping operations are intimately connected with self-similar structures, as 
we now demonstrate. 

Definition 8.3. Let (S, <, t>) be a free self-similar structure of a symmetric 
monoidal category. Given arbitrary f 6 Vlats(A, B) and U, V € Ob(Vlats), 
we define the retyping of / into Vlats(U,V) to be the arrow R^, (/) € 
Vlats(U,V) given by the following composite: 



A—^B 



>A 



<U 



s s 



u — ^v 

Ru,v(f) 



where <_ and D>_ are as in Definition \b\, 

For arbitrary A,B,U,V G Ob(Vlats), the above operation specifies a func- 
tion from Vlatg{A 1 B) to VlatsiU,V). We have omitted the subscript, in the 
hope that this will be clear from context; instead we have labelled the retyping op- 
eration by the arrows of the self-similar structure, since each distinct self-similar 
structure will specify a distinct retyping operation. 

Proposition 8.4. Let (S, <\,>) be a self-similar structure of a semi-monoidal 
category (C,®). The object-indexed family of functions i?^> of Definition 
is a retyping operation in the sense of Definition \8.1\ 

Proof. 
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1. Identity (I) For all / G Plat s (A,B), 

R^> B (f) = >B<Bf >A <A - lfl/U = / 

2. Identity (II) For all A, B £ Ob(Vlat s ), 

R^f(l A ) = >b <U U >a <b = >b <U >a<b = Ob<b = Is 

3. Compositionality Since <Ut>A = Is an d \>a<a = 1a, for all A e 
Ob(Vlats), the following diagram may be seen to commute, for all arrows 
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/ £ Vlat s (U, V), g £ Tlat s (V, W), and objects A,B,C £ Ob(Plat s ): 



gf 



>u 



<A 



U ^\ 








/ 






^y 




<v( 




t>v 


S— R% s 
A 


/ 




— *Sf (»)—»- 




>B l 


/ 
B 


<B 


R A,B 


(/) 




R <x> (9) 




fl- 4 


• c (gf) 



w 



<w 



s 



>c 



Thus R^(g)R < ^(f) = R<£{gf), as required. 

4. Confluence Given / e Plat s (A, B) and arbitrary [/, V,P,Qe Ob(Plat s ), 
then 

-R5> Q (^ y (/)) = Op <(7 >C/ <s / >A <u >u <P 

= >q<bI >a <p = R^U) 

5. (Interchange) Consider arbitrary arrows / € "Plats (A, B) and g £ Plats(U, V), 
together with objects L,M,P,Q £ Ob(Plat(S). Then by definition, 

#S> Q (/)°-R^> M (s) =t>Q<fl/ t>A <pD >M <V.g >£/ <L 

Conversely, 

i?^ L ' QDM (/Dg) = >QDM < BD y (/□<?) >ADP <PDL 

= (D>qD>m) >SdS <Sns(<ls l::l <lv)(/n5 , )([> y ini>(7) >SDS <Sns(<lp n <L) 
= (>Q <B f >A <p)H(>m < V g >u < L ) 

as required. 

□ 

Retyping operations preserve composition, and - when restricted to endo- 
morphism monoids - maps identities to identities; it is therefore very natural to 
use them to define both monoid homomorphisms and functors, as in Section [9] 
below. We first consider the case where the retyping operation of Proposition 
8.3 above is used to map identities into hom-sets that are not endomorphism 
monoids. 
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Lemma 8.5. Let (5*, <, t>) be a self-similar structure of a symmetric monoidal 
catego ry ( C, (g)), and let i?^> be the induced retyping operation given in Propo- 
sition^^ above. Then R B > C (1 A ) = [>c<s, for all A,B,Ce Ob(Vlat s ). 

Proof. R B ' C (1 A ) = >c<a!a>a<b = >C<A>A<b = >c^S<b = l>c<s □ 

This lemma, although simple, provides an indication as to how an arbitrary 
retyping operation may be used to define a self-similar structure. 



Theorem 8.6. Let (C, £g>) be a semi-monoidal category with a retyping operation 
R*%:C{A,B)^C{X,Y) 

similar structure (S, <, >). 



R AB '■ C(A,B) —> C(X,Y). Then for all objects S G Ob(C) there exists a self- 



Proof. The code and decode maps of this self-similar structure are given in the 
obvious way, in terms of the identity at S: 

< = rS s% S ' S ( 1 s) G C(S, S®S) , > = R s s ' s s ® s {ls) G C(S ® 5, 5) 

Then, by compositionality and invertibility, 

<> = R s s % s ' s (l s )Rf s s ® s (l s ) = J2f;|(ls) = Is 

Similarly, 

>< - ^s,s V-si-K^s y l s) - K s,s \ l s) - Ls®s 

□ 



The above proof does not require the interchange axiom of Definition |8.1| 
As seem from the proof of part 5. of Proposition |8.4| the interchange axiom is 
intimately connected with the notion of freeness; however, Theorem |8.6| above 
may be applied to arbitrary semi-monoidal categories with a retyping operation, 
including untyped monoidal categories, where the identity functor trivially pro- 
vides a retyping. 

8.2 Generalising notions of retyping 



As Lemma |8.2| demonstrates, the notion of transforming arrows from one type 
to another given in Definition |8.1| is rather restrictive; its proper home is a 
category where all objects are isomorphic and hence types can be assigned and 
re-assigned arbitrarily. 

When we consider structures where a notion of flexibility of types is required, 
such as the polymorphic lambda calculus of [S] , or the parametrized types of |30j , 
too much flexibility may be a bad thing; we may need, for example, to consider 
situations where all arrows in a hom-set C{A,B) may be 'retyped' as arrows 
of C(X 1 Y), but not vice versa (a simple example being the familiar retyping 
of Int (integers) as Float (floating-point reals) found in many programming 
languages) . 
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Thus, it is natural to consider the ways in which the retyping axioms of 



Definition 8.1 may be weakened. In particular, the Identity (II) axiom may 
be weakened, so R B ' B (\a) is simply an idempotent of C(B,B), rather than 
the global identity. The associated notion of self-similarity will be similarly 
weakened, giving pairs of arrows s GC(S,S <g> S) and r eC(S ® S,S) where s is 
a left-inverse of r, but not a right-invers^J giving 

sr = l S(SS eC(S®S,S®S) , rs = e 2 = eeC(S,S) 

This was investigated in [12] (and applied to logical models in |Tj) under the 
name weak self-similarity. 

There are other ways in which the axioms of Definition |8.1| may be weakened, 
depending on the intended applications or corresponding notion of self-similarity 
(or lax Frobenius algebra [H]). A full classification, and exposition of their 
properties, is work that remains to be carried out. 

9 Strictifying self-similarity 

We now give a process that 'strictifies' self-similarity Given a self-similar struc- 
ture (S, <, >) of a semi-monoidal category (C,<8>), we give a strictly self-similar 
version of (Cs, (g>) — i.e. we give an untyped monoidal category (Us, -*-), with 
unique object S G Ob(J), satisfying 

U S (S, S) Si C(P, P) for all P E Ob{C s ) 

together with a semi-monoidal functor ^ <s> : ("Plats, n ) — > (Us,*) satisfying 

*^(<a) - Is = $o(>a) for all A £ Ob(Vlat s ) 

This functor maps an entire multi-object category to a monoid; it can thus 
be thought of as a very special kind of type-erasing functor. 

Definition 9.1. We define a type-erasing functor to be a semi-monoidal 
functor whose target is a unitless monoidal category. 

Remark 9.2. A special case of a type-erasing functor would be a monoidal 
functor T : (M,®,Im) ~* (C,®,Ic) that satisfies T(X) = I c , for all X € 
Ob(M) - i.e. every object of M. is mapped to the unit object of C. This would, 
of course, identify the composition and tensor of M., so for all f G A4(A,B) 
and g £ M(B,C), 

W) = T(g®f) = T(f®g) eC(I c ,I C ) 

An interesting example of such a type- erasing functor is the generalised entropy 
functor of f4)j. 

8 This should also be seen in the light of the classical structures of categorical quantum 
mechanics 5j , which are Frobenius algebras (closely related to self-similar structures |17l I16| ) 
that are generated by two arrows A : X — ¥ X Cg> X and V : X (g> X — > X satisfying the dual 
condition that A is a right-inverse of V, but not a left-inverse. It is reasonable to consider 
measurement in quantum mechanics as a similarly weakened form of retyping. 
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9.1 Constructing untyped monoidal categories 

We first define an endofunctor on a category that identifies all objects. We do 
not, at this point, make any claim that this is a (semi-)monoidal endofunctor. 

Definition 9.3. Let (S, <, >) be a self-similar object of a semi-monoidal cate- 
gory (C, ®, t __). We define the generalised convolution endofunctor 

$<> : Vlat s -> Plats 
as follows: 

• Objects $<>(A) = S, for all A £ Ob(Plat s ). 

• Arrows Given f e Plats(A,B), then $<>(/) = #<f (/), w/iere i?^(-) 
is the retyping operation of Definition \8.3\ 

Expanding out the definition of retyping, we have $<>(/) = <«/>•«, where the 
generalised code / decode arrows are as in Definition\6.S\ 



Remark 9.4. We could, of course, have chosen to retype all arrows of Plats 
as arrows of the monoid Plats(X, X) for some arbitrarily chosen fixed X € 
Ob(Plats). However, the choice of S makes for a conceptually neater theory, 



given that Plats(S, S) — C(S, S), by Definition 4-4 



It is immediate from Proposition |8.4| that $<]> : Plats ~^ Plats is functorial; 
it preserves composition and $ <D> (1^) = lg, for all A 6 Ob(Plat s ). We now 
give further properties: 

Lemma 9.5. Let (S, <, >) be a self-similar object of a semi-monoidal category 
(C, (8>, ■?"_,_._), and let the functor $<> : Plats — > Plats be as given in Definition 
[Oi Then 



• *o(/ns) = $o($o(/)n*o(0)). 

• &<x>(tu,v,w) = $o(ts,S,s), for allu,v,w e Ob(Plat s ). 
Proof. 

• Given / € Plat s (A, B) and g € Plat s (U, V), then 

*o(/ n ff) = <sny(/ng)l>An[/ 
= <Sns{<B^<v)((fOg)(\>AO\>u)>SoS = <SDs(<Bf>A n <v9>u)>SnS 

= <sos ($o(/) D #oO)) >sns = $<r> ($<r>(.f) n $<t>(.9)) 
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• Given arbitrary U,V,W € Ob(Plats), then by definition, $<t>(ic/,v,iy) = 
<i(uav)awtu,v,w>ua(vaw) is given by 

5 ^- 5D5 lsD>sas ; SD(SDS) >uD(> " D> TV d(FD^) 

*o(*u,v,w) tu,v,w 

I ' I 

S 1 -< Sas ^ (Sas)ns ^ (UuV)uW 

<sns <snsais (<t/a<v)<w 

By naturality of £_,_,_, this becomes 

S ^^ Sas lsD>sns . Sa(SaS) * s ' s ' s > (SnS)nS 

*o(*i/,v,w) (>c;n>v)>w 

S 1 ^ 505 < (Sas)as < (E7nV)nW 

<Sns <snsals (<(7n<v)<W 

and hence, since <lu>u — <iv>v — <w>w = Is, 

g >£o^ 5D ^ l S D> SaS> 5Q(5a5) 

&o(tu,v,w) ts,s,s 

5 < 5D5" < (SDS)ns 

Thus, $<x>{tu,v,w) = $o(ts,S,s) for all U,V,W £ Ob(Tlat s ), as re- 
quired. 

□ 

Given a self-similar structure (S, <, >) of a semi-monoidal category (C, 0), 
the above lemma allows us to construct a version of (Cs, 0) for which the code 
/ decode arrows are strict identities. 

Definition 9.6. Let (S, <, >) be a self-similar structure of a semi-monoidal cat- 
egory (C, 0). We define (Us,*), the self-similarity strictification of (Cs, 0), 
to be the following untyped monoidal category: 

• Objects Ob(U s ) = {S}. 

• Arrows Us(S, S) = C(S, S). Composition is then inherited from C(S, S) 
in the natural way. 

• Monoidal tensor Given f,g £ Us(S,S), then 

f*9 = <(/®ff)> 

where the above composition and tensor are taken from (C, 0). 
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Theorem 9.7. Let (S, <\, >) be a self-similar structure of a semi-monoidal cat- 
egory (C,(g>). The self-similarity strictification (Us,*), a s defined above, is 
indeed an untyped monoidal category. 

Proof. Since $o is functorial, (fc*o h)(g-k <!> f) — (kg-k <s> hf) and l*o 1 = 
1. Thus (_ *o _) is a monoid homomorphism, as required. Given arbitrary 
r € Plat s (a,b) and s E Plat s (c,d), then f^frDs) = ^ <x> (r) *o $0(5) by 
Lemma |9.5| above, and so $ maps _□_ to _*o _, as required. 

One final step remains before we may claim that (Us , *) is an untyped 
monoidal category and thus <l>o : (Plats, O) — > (Us,*) is a semi-monoidal 
functor; we need to demonstrate that (_ * _) is associative up to canonical iso- 
morphism, satisfying both naturality and the pentagon condition. Let us define 

To = $oOs,S,s) = <Sns(<isnS D ^)ts,S,s(^ D >Sns)>SnS 



(As demonstrated in Lemma 9.5 above, t <x> = ®<&(tu,v,w), for all U,V,W G 



Ob(Vlats)). Naturality follows immediately, since t<j> (/•<> (g*<t> h)) = 

$^(ts,s,s{M9 a h))) = $ <> (((fOg)ah)ts,s,s) = {(f*g)*h)T^ 

To prove that MacLane's pentagon condition also holds, note that, for arbitrary 
A,B,C,De Ob(Vlat s ), 

^((tA,B,C a ^D)tA,BDC,D(lA^tB,C,D)) = (t<> * 1)t<> (1 * T<>) 

Whereas 



&o(tAnB,C,DtA,B,CnD) — T. 
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As MacLane's pentagon condition is satisfied within (Plat a, 0,t _), 

(tA,B.C a ^-D)tA,BnC,D(^A a tB,C,D) = t AUB ,C ,Dt A,B .CUD 

applying $o : Plats -^ U to this identity gives 

T o = ( T o *o l) T o(l *o T o) 

Thus (U,*, To) is an untyped monoidal category, and hence the generalised 
convolution functor $<j> : (Plats, □) — > (U,*) is an type-erasing functor, in the 
sense of Definition 19.11 □ 



Remark 9.8. Observe that by construction, $o(<0 = ^oC^) = ls> an d 
U(S, S) = C((S, S) = Plat(S, S). This provides the justification for considering 
(Us,*) to be the self- similarity strictification o/(Cg,(8>)- 

The following corollary is straightforward: 

Corollary 9.9. Every untyped monoidal category is the self-similarity stricti- 
fication of a monogenic semi-monoidal category whose generating object is self- 
similar. 
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Definition 9.10. Let (S, <,E>) be a self-similar structure in some monoidal 
category (C, <g)). We refer to the monoidal tensor (_* _) : Us x Us — > Us as the 
(untyped) tensor induced by (S, <, >), and write (-*<> _) : Wg X W5 — » W5 

w/ien we need to distinguish it from the untyped tensor induced by another self- 
similar structure at the same object. 

Remark 9.11. Since by construction C(S, S) — Vlatg(S, S) = U(S, S), we may 
simply consider (_*<>_) to be an operation that simply acts on the endomorphism 
monoid of S in various categories. In Section [70| we will give coherence results 
for this setting. 

9.2 Strictification of both self- similarity and associativity 



We may now interpret Proposition |7.2| and Corollary |7.4| in light of the above 
strictification (of self-similarity) process. 

Theorem 9.12. The no simultaneous strictification theorem 

Let S be a (non-degenerate) self-similar object of a semi-monoidal category 
(C, <g>, t_._ i _). We cannot simultaneously strictify both the associativity and self- 
similarity o/(Cg,<8)). 

Proof. Doing so would result in a strictly associative unitless monoidal cate- 
gory, and by Corollary |7.4| this would be degenerate. However, the strictificd 
(w.r.t. self-similarity) version of (Cg,(8>) is a monoid isomorphic to C(S,S), a 
contradiction of our assumption that S is non-degenerate. □ 

Remark 9.13. A simple consequence of the above is that the strictification 
process for associativity must replace strict self- similarity by non-strict self- 



similarity (see Remark 7.6). The dual result is that the strictification of self - 
similarity must replace strict associativity by a non-strict version thereof (simply 
because the strictification process factors through the 'freeness ' construction of 



Definition 4-4). This observation precedes any notion of coherence for self- 



similarity, or indeed the construction of Definition 4-4 an d was used in [I4] to 



replace a strict version of associativity by a corresponding non-strict version. 
9.3 Distinct untyped tensors on the same monoid 



The constructions of Section [9 . 1 1 above are not, in general, unique - rather they 
arc in 1:1 correspondence with distinct self-similar structures at a self-similar 
object. A simple corollary of this is that uniqueness implies degeneracy. 

Corollary 9.14. Let S be a self-similar object of a semi-monoidal category 
(C,<g)). If the isomorphisms (<,D>) exhibiting this self- similarity are unique, 
then (Cg,®) is degenerate. 

Proof. Let us use the construction of Theorem |9.7| to give an untyped monoidal 



category (Us,*<t>)- By Proposition 3.3 uniqueness of the self-similar structure 



at this object implies that there exists exactly one isomorphism within C(S, S); 
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this must be the identity. Thus the associativity isomorphism t<> must be the 



identity, and by Corollary 7.4 the untyped monoidal category (Us,*o) must 
be degenerate. 

The category freely generated by the unique object of (Us:*o) must also 
be degenerate, and since [C-s, <S>) is an epimorphic image of this category (using 



the functor of Definition 4.5), our result follows. □ 



We now demonstrate that the distinct untyped tensors induced by distinct 
self-similar structures are related in a very natural way — they are related 
via conjugation by some isomorphism of S (see also [16] for applications and 
concrete examples of this) . 

Proposition 9.15. Let S be a self-similar structure of a semi-monoidal category 
(C,(8>), and let (S,c,d) and (S 1 , <l,t>) be self-similar structures at this object. 
Then there exists some isomorphism u € C(S, S) such that, for all /, g € C(S, S), 

f*cd.g = u(f *<> g)u~ x 



Proof. Recall that by Proposition 3.3 there exists an isomorphism U € C(S, S) 
satisfying 

c = u<l , d = t>u~ 

given by u = O € C(S, S). By definition of the untyped tensor induced by a 
self-similar structure, 

f*o9 = <{f®9)> , f *cd 9 = c(f ® g)d Vf,geC{S,S) 

Thus, 

f*cd9 = u < (/ ® g) > u^ 1 = uif-k^g)^ 1 

as required. □ 



Remark 9.16. It is tempting to interpret Proposition 9.15 in light of Propo- 
sition \9.9\ and claim that all untyped monoidal tensors on a monoid M must 
be related by conjugation. This is not the case; Proposition \9.15\ is about un- 
typed monoidal tensors that are derived from the same typed monoidal tensor. 
It is entirely possible that a category C has more than one semi-monoidal tensor, 
and some single object S G Ob(C) is self-similar with respect to more than one 
tensor. For a concrete example, consider Appendix\A\ where it is demonstrated 
that the natural numbers N is self-similar in the category of sets and functions, 
with respect to both the product N x N = N, and the coproduct N = N l±l N. 

Using the concrete isomorphisms given in AppendixYA, the untyped tensor 
derived from disjoint union is given explicitly in Figured ; the untyped tensor 
derived from the Cartesian product is left as an exercise. Given their very 
different categorical properties, it is immediate that they cannot be related by 
conjugation by any isomorphism o/N. 

A full theory relating coherence for distributivity and objects that are self- 
similar with respect to both monoidal tensors remains work in progress. How- 
ever, a simple application of such structures is to be found in J$j (given a cate- 
gorical interpretation in \12tf ) where distributivity in an untyped setting is used 
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to create a 'fixed point' semi-monoidal endofunctor !( ) : (M, _* _) — > (A/, _* _) 
satisfying !(/) - /•!(/), /or a« / € M . 

9.4 Relating convolution and substitution 

For any untyped monoidal category (W,<g>) with single object S, there are two 
semi-monoidal functors from (Plats, □) to (U,®); the generalised convolution 
functor of Definition |9.3| and the instantiation functor of Definition |43j We now 
demonstrate that, in this important special case, these two functors coincide. 

Proposition 9.17. Given (14,®), an untyped monoidal category with distin- 
guished object S G Ob(U), let {Plats, □) be the semi-monoidal category freely 



generated by S as in Definition 4-4 & n d let (x, <], D>) be the self-similar structure 
of this category given by Lemma \4~l^ 

Then, using the obvious isomorphism between (Li,®) and (Plats(x,x),*), 
the following diagram commutes: 

(Plat s ,U) 

(Platg(x, x),-k) 




Proof. By definition of the self-similar structure given in Lemma 4.8 , < £ 
Plats(x,xOx) is given by 

< = Is e U(S, S) = Plat s (x, xDx) 

Thus, for arbitrary / € Plat s (p,q) = U(S, S), 

t>o(f) = feVlat 3 (x,x)=U(S,S) 

Thus, for arbitrary arrows, $<>(/) = Insts(f)- The proof for the tensor follows 
similarly. □ 

Thus, at least for untyped monoidal categories, the generalised convolution 
functor and the instantiation functor are equivalent. 

10 Coherence for mixed typed/untyped diagrams 

We now bring together results from previous sections in order to provide coher- 
ence results in a more general setting. Given a self-similar structure (S, <, D>) 
of a semi-monoidal category (C, ®, t _), we have seen that the endomorphism 
monoid of S is equipped with an untyped tensor _*<> _, together with an untyped 
associativity isomorphism t <> . The question we have is the following: 

Given a diagram 971 over (Cs, <S>) with arrows built inductively from: 
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Figure 3: The disjoint union of 2D and $<j>(2D) 




*o(/) 



*o(h) 



*o(fl) 




• Typed canonical structures {(_ <£> _), r . , r j 1 } 

• Untyped canonical structures {( *o -),t<x>,t^} 

• Code / decode arrows {<],[>} 
when can we guarantee that it commutes? 

Definition 10.1. Let (S, O, t>) be a self-similar structure of a monoidal category 
(C,<g)) ; and let the corresponding untyped monoidal category at S be denoted 
(C(S, S),-k <> ,T <j> ). A typed canonical diagram is one whose arrows are 
built inductively from {_ (g) _, r , t_ -1 }- ^4" untyped canonical diagram 
is one whose arrows are built inductively from, {r <1> , t^>, _ * _}, and a mixed 
canonical diagram is one whose arrows are built inductively from 



{- 



_, r_. 



. T _,_!-' <_> >-) T o > t^ . - * -I 



Coherence for either typed or untyped canonical diagrams may be accounted 
for by MacLane's coherence theorem for associativity. We now describe a coher- 
ence theorem for mixed canonical diagrams The following result will be crucial 
in deciding whether such mixed diagrams commute. 

Theorem 10.2. Let (S, <\, >) be a self-similar object of a semi-monoidal cate- 
gory (C, ®), and let $<]> : 'Plats ~^ C(S, S) be as given in Definition 9.3 Then 
for an arbitrary diagram 2D over Vlats, 2D commutes iff $<[>(2D) commutes. 

Proof. 

(=>) The proof in this direction is a simple consequence of functoriality. 



(<=) Recall the formal description of diagrams given in Definition 5.1 Given a 
diagram 2D = (N, E, 4>, iji) over (Vlats, □), we may treat F s (x, x) as a subcate- 
gory of Fs , and form the diagram 2D l±l $<j> (2D ) . A simple example of this disjoint 
union is shown in Figure [31 We now form an additional diagram by adding in 
extra edges to 2Dtt) < I'<i>(2D): for each node n £ N of 2D, we add in two additional 
edges to 2D 1+) $<[>(2D); the first from (n, 0) to (n, 1), and the second from (n, 1) 



:->kS 



Figure 4: The augmented disjoint union of £> and $<>(£>) 

.v . 




to (n, 0). The labels on these additional edges are, respectively, the generalised 
code /decode arrows <0(„) € Vlats(4>(n),x) and l>0( n ) € Vlats(x,4>( n ))- Ap- 
plying this process to the illustrative diagram of Figure [3] gives the diagram of 
Figure |4j 

Each additional polygon added to 2) l±l <& <r>(35) by this process commutes, 
simply by the definition of <&<;>. The key to our result is that the additional 
pairs of edges added by the above process are labelled by mutually inverse 
isomorphisms. It is then immediate that 25 commutes iff $ <I> (S)) commutes iff 
2) commutes . □ 

The application of this result to the question posed at the start of this section 
is evident; however, we first present a simple application to a result of |17j . 



10.1 A simple application of Theorem 10.2 



In [17 , it is demonstrated that, given a free self-similar object S of a symmetric 
monoidal category (C,£g>), any self-similar structure at S is, up to canonical 
isomorphism, a classical structure in the sense of categorical quantum mechanics 
[5] (at least, provided one uses the unitless definition of Frobenius algebras given 
in [5]). The key part of this proof is proving that the following diagram (giving 
the Frobenius condition) commutes: 



:-S9 



s 



s 




s®s 

Applying the generalised convolution functor to this diagram gives the following: 




By the functoriality of (-*-), this is simply 



S 



' s' 



Clearly this commutes, and hence by Theorem 10.2 the original diagram also 
commutes. It hardly needs pointing out that the above outline is significantly 
simpler than the published proof found in [17] ! 



10.2 Coherence for mixed diagrams over free objects 



We now use Theorem 10.2 to study coherence for mixed diagrams over the 
category ("Plats, n ) freely generated by a self-similar object. When a self-similar 
object S of a monoidal category (C,(S>) is free (w.r.t. _ <g) _), this establishes 
coherence for mixed diagrams based on free self-similar objects. 

Proposition 10.3. Let (S, <\, >) be a self-similar object of a monoidal category 
(C, ®). Then the commutativity of any mixed canonical diagram 9JI over (F$, □) 
is equivalent to the commutativity of $<]>(9Jt), which is an untyped canonical 
diagram over (Fs(x,x),-k <!> ). 
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Figure 5: The action of <&<!> on canonical structures of Plats 
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±x 


>_ 
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-®- 




_* _ 



Proof. Consider the action of $<> on canonical (typed and untyped) isomor- 
phisms and tensors, given in Table [51 Also, <&<:>(/) = / for arbitrary / G 
Plats{x,x). Thus, the image of 971 under $<]> is an untyped canonical dia- 
gram. □ 

Corollary 10.4. MacLane's coherence theorem for associativity may be used to 
characterise a large class of mixed canonical diagrams over (Plats, □) that are 
guaranteed to commute. 



Proof. This follows directly from Propositions |10.2| and |10.3| above. Precisely, 
Given a mixed canonical diagram 371 over (Plat, □), we first apply ^ < s > to it, 
resulting in an untyped canonical diagram it over (Plat(x,x),-k). Then 9JT is 
guaranteed to commute when il is the image of some diagram of (W, □ ) under 
MacLane's substitution functor. □ 

Remark 10.5. MacLane's coherence theorem for associativity is not explicitly 
constructive; given some canonical diagram 1), it does not describe a complete 
or partial decision procedure that will tell us whether 2) commutes. In the above 
application to mixed diagrams, we have introduced an additional layer of com- 
plication. Using the framework we have developed, we now simplify this descrip- 
tion somewhat, and expand our simplified description into a decision procedure 
in Appendix |Cf 

Theorem 10.6. Let^XH be a mixed canonical diagram over (Fs, Q). Then Corol- 
lary [T&4\ predicts that 9JI commutes if and only if there exists a typed canonical 
diagram % satisfying 

$o(9Jl) = $^(<T) 



Proof. From Theorem 6.6 all (typed) canonical diagrams over {Plats, C) com- 
mute. Thus, by Theorem 10.2 $<j>(97t) = $ <D> ('X) implies that 97t commutes. 
We now need to show that all diagrams predicted to commute by Corollary 
|10.4| above are of this form. Recall the monic-epic decomposition of MacLane's 
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substitution functor given in Lemma 6.5 in our setting this becomes 

WSubx 



(W,D) 



{Vlat x , □) 



WSubx 



Instj- 



(Vlat s (x,x),*) 



However, by Proposition |9.17[ in this setting, the substitution functor Inst x 
is exactly (perhaps up to some fixed isomorphism - Proposition 9.151 the gen- 
eralised convolution functor $<j>. Thus, as all commuting canonical diagrams 
over {(Plats, □) are monomorphic images of commuting canonical diagrams over 
(W, □), our result follows. □ 



10.3 Coherence for mixed diagrams in the non-free setting 

It now remains to consider coherence for mixed canonical diagrams in some cat- 
egory (Cg, (g>) where S is neither free nor the single object of Cg. Following The- 



orem [T72l and Corollary 7.4 is is reasonable to wonder whether (non-degnerate) 



examples can actually exist? We therefore present a simple example. 



Definition 10.7. The polycyclic monoid P 2 is defined in [291 to be the 

monoid with a zero, given by the following generators and relations: 



(p,q,p t ,r ■ vv x = 1 = qq~ 



t = 1 = nnt 



pq 



= = qp X ) 



Given a monoid, we may of course form the free semi-ring i"2[N] over 
this monoid JlOf (see TTS 1 for a categorical interpretation of this construction) . 
Based on this ring, we consider the matrix semi-ring Mat(P2[N]) of all finite 
matrices over Pa(N). 

Remark 10.8. The above monoid has a strongly categorical interpretation - 
given a self-similar structure (S, <,>) in a monoidal category with canonical 
projections and injections, it arises as the image under the generalised convo- 
lution functor of these projections and injections \12\ \13\j . It is heavily used in 
logical models (e.g. J^ \12[ \T$), and also has the interesting property that 
it is Hilbert-Post complete [29] (i.e. it has no non-trivial congruences; any 
composition-preserving equivalence relation will identify all elements. This is of 
course a particular example of Theorem 7.2). It was also used to construct a 
large range of untyped monoidal categories in \12\ WM, and has close connections 
with the theory of Thompson groups [25, 261, as well as having close connec- 



tions with the notion of matrix representation and changes of basis in various 
settings \1 6) /. We refer to [241 for an in-depth investigation of this monoid in 
inverse-semigroup theoretic terms, and \12\\13[ \Jb y for some associated category 
theory. 
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Proposition 10.9. The matrix semiring Mat(P2[N]) provides an example of 
a category in which a self-similar object is neither free nor the unique object of 
this category. 

Proof. We consider Mat(p2[N]) as a category; the objects are the natural num- 
bers, and the hom-set Mat(P2[N\)(a,b) consists of all (b x a) matrices over 
Pi [N] . The monoidal tensor _ _ is then simply the usual diagonal formula 
described in Remark 1 7. 5 1 The key result of [T5] demonstrates that the object 
1 £ Ob(Mat(P2[N\)) is a self-similar object. However, it is not free, since the 
monoidal tensor _ _ is strictly associative. □ 

Having established that such categories can exist, we must phrase coherence 
in terms of the category freely generated by a self-similar object. 

Theorem 10.10. Let (S, <, >) be a self-similar object of a semi-monoidal cat- 
egory (C, ®, t _), let _ * _ : C{S, S) x C(S, S) — > C(S, S) be the induced untyped 
tensor, and let r <D> e C(S,S) be the induced associativity isomorphism. Then 
the following two conditions guarantee that a mixed canonical diagram 371 over 
Cs commutes: 

1. There exists some mixed canonical diagram 91 over Plats such that 

inst(m) = m 

2. There exists some typed canonical diagram T over Plats such that 

Proof. This is a simply corollary of Theorem |10.6[ Theorem |6.6| and the con- 
structions of Definitions 14.41 and 14.51 □ 



11 Conclusions Sz Future Directions 

If nothing else, this paper has provided evidence that self-similarity is a struc- 
tural categorical property, to be taken seriously in the same manner as asso- 
ciativity, symmetry, distributivity, &c. Moreover, it is the key to constructing 
untyped analogues of various categorical properties; so much so that the theory 
of untyped categorical structures and the theory of self-similarity now appear 
essentially identical. In this paper, we have emphasised the canonical example 
of monoidal tensors and associativity. However, the fact that the 'untyping' 
procedure for self-similarity is based on a fully faithful functor from a multi- 
object semi-monoidal category to an untyped monoidal category demonstrates 
that we may may produce untyped analogues of many categorical properties 
(particular examples given in [12l [13] include compact closure and categorical 
traces, projections & injections, fixed points, and notions of summation — this 
is very unlikely to be an exhaustive list). 
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It is perhaps disturbing at the end of a paper of this length to conclude that 
much work remains to be done; instead, a happier conclusion is that there are 
many promising future directions to explore. Already, an appendix found in 
earlier drafts (Appendix O) is being expanded into a stand-alone paper; work 
relating coherence for untyped structures to reversible computation and identi- 
ties in modular arithmetic has appeared in jTHj, and connections to the theory 
of classical structures have been explored in [16] . Further work is underway on 
both the abstract categorical theory of distributivity at self-similar objects and 
its connection to fixed-point constructions mentioned in Remark |9.16| 
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A Hilbert's Hotel 

One of the most familiar and intuitive presentations of self-similar structures 
was given by D. Hilbert, in his parable - almost a children's story r\ — of the 
Grand Hotel. The Grand Hotel has a countably infinite set of rooms, numbered 
{0, 1,2,.. .}. This was used to illustrate the sometimes counterintuitive nature 
of countably infinite sets, and relies on the existence of self-similar structures 
(with respect to two distinct monoidal tensors) at the natural numbers N in 
various categories. Several closely related stories were told about this hotel, as 
we now describe. 

In the first story, the countably infinite hotel is full: every room is occupied. 
Despite this, an additional guest is accommodated by moving the occupant of 
room into room 1, the occupant of room 1 into room 2, &c, and placing the 
new guest into the now vacant room 0. This was a demonstration that there 



9 The talk on which this paper is based (see [3]) describes the unintended consequences of 
actually using Hilbert's parable as a children's story. 
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exists an injective function on N that is not also surjective (i.e. the successor 
function) . 

In a further story, the hotel is unoccupied. However, two infinitary coaches 
arrive, both containing countably infinite potential guests. These are again 
accommodated by placing the occupants of the first coach into the even num- 
bered rooms, and placing the occupants of the second coach into the odd num- 
bered rooms. This was a demonstration of the existence of a bijection be- 

def 

tween N tfcl N = N x {0, 1} and N, usually taken to be the Cantor pairing 



c(n, i) = 2n + i. Using the terminology of Definition 3.1 we say that (N, c, c _1 ) 
is a self-similar structural 

In the final story, a countably infinite number of such infinitary coaches 
arrive, containing potential guests. These are again accommodated, using a 
slightly more complicated scheme. From coach number zero, the occupant of 
seat zero is told to take the first empty room he finds. The occupant of seat 1 is 
told to take leave the first empty room he finds unoccupied, and take the second 
empty room instead. The occupant of seat 2 is told to leave 2 empty rooms and 
take the third unoccupied room, &c. Similar instructions are then given to the 
occupants of coach 1, then coach 2, then coach 3 , . . . . This demonstrated the 
existence of a bijection between N x N and N, or in categorical language, the 
existence of a self-similar structure at N in the category (Bij, x) (an explicit 
description of this function, a proof that it is surjective as well as injective, and 
a description of its inverse, is left as a fun exercise). 

In an extension to the story developed by the author and other participants 
at Dagstuhl seminar 12352, every room in the hotel has on its wall a photograph 
of the hotel, taken at night. On each photograph it may be seen that some rooms 
have their lights on, and other rooms have their lights off. The hotel keeper has 
discovered an ingenious method of producing an novel photograph: at night, 
every guest is ordered to switch their room light off if the corresponding light in 
their photograph is on, and vice versa. The proprietor then takes a photograph. 
When each guest is asked whether this photograph is identical to the one in 
their room, the answer can only be 'no' in every case. This demonstrates, via 
a diagonalisation / self-reference argument, that the set of functions from N 
to {0, 1} can never be placed in surjective or bijective correspondence with the 
natural numbers themselves. 

Finally, the hotel proprietor has also discovered that, when the hotel is to be 
emptied into two countably infinite coaches, almost every such picture provides 



10 A significant precursor to Cantor's work on such bijections was given by Galileo, who dis- 
cussed the obvious 1:1 correspondence between the natural numbers, and the square numbers 
|7] . Since both the square numbers and the non-square numbers are countably infinite subsets 
of N, this determines a self-similar structure with the decode map g : N — > N 1+) N given by 



9( n ) = "i /„ _ i„:2 



(y/n, 0) n a perfect square, 

(n — \{a 2 < n}\, 1) otherwise. 



The associated untyped tensor, canonical isomorphisms, and algebraic identities predicted 
by MacLane's coherence theorem for associativity are left as an interesting exercise. (Many 
thanks to S. Abramsky (Oxford) for pointing out what is probably the first published example 
of a self-similar structure) . 
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a method of assigning coach seats to guests. A preliminary check is made by 
relocating every guest from the n th room with lights on to the n th room with 
lights off, and vice verscp] Provided that this is possible, the proprietor starts 
at room zero, and tells each guest to take the first empty seat in coach zero 
when their room light is off, and the first empty seat in coach one when their 
room light is on. This process will fill up both coaches with the guests from 
the hotel, demonstrating that the points of the Cantor set (excluding a subset 
of measure 0, the 'unbalanced', or 'boundary' points) are in 1:1 correspondence 
with the order-preserving bijections N = N l±J N. 

B Removing and adding units, in semi-monoidal 
categories 

The basic constructions of this paper form a single-object unitless monoidal 
category. A question that therefore needs to be resolved is whether MacLane's 
coherence theorem for associativity is also applicable in this more general setting 
(i.e. that of semi-monoidal categories). To demonstrate that this is indeed 
the case, we give a construction that adjoins a unit object to a semi-monoidal 
category, adjoint to the obvious functor given by forgetting the unit object. 

There is an obvious forgetful functor from the category MonCat of monoidal 
categories to the category SemiCat of scmimonoidal categories; given a monoidal 
category (vW,<g)) with a specified unit object /, one simply takes the full sub- 
category containing all objects except /. We denote this category by A^~ 7 '; 
note that this category is not necessarily unitless — we have simply removed 
a single object, and M. may have other isomorphic objects that also act as the 
unit. 

We now give a right inverse to this, a functor (_) < - +/ - ) : SemiCat — > MonCat 
that 'completes' a semi-monoidal category by adding a specified strict unit ob- 
ject, giving a monoidal category. We emphasise that the resulting categories 
are not well-pointed — indeed, when applied to a well-pointed monoidal cate- 
gory, this construction will produce a non- well-pointed monoidal category (that 
nonetheless contains the original category). 

Definition B.l. Let C = (£,(_□_), T _) be a semi-monoidal category in the 
sense of Definition \2. i] - that is, it has all the structure of a monoidal category, 
without the assumption of a unit object. We define a monoidal category +I > = 
{£S +I \ (_® -),£_,_,_, I), the unit completion of C, as follows: 

• (Objects) The class of objects of C^ + ' is exactly the class of objects of 
C^~ *> , with one additional object that we denote I. 

Informally, we write Ob{0 +1 >) = Ob{C^ -1 ') W {/}; when the category 
C^ 1 ' is small (so Ob(C^~^) is a set rather than a proper class), this 



Categorically, this relies on an untyped symmetry isomorphism, and is therefore beyond 
the scope of this paper. Such isomorphisms are constructed and discussed in 12 13 , albeit 
without formal coherence results beyond those provided in | 28| . 
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• 



may be taken as the definition of Ob(C^ +I '). When Ob(C^~ )) is a proper 
class, we may instead base our definition on the well-established coproduct 
of categories. 

(Horn-sets) 

f £(-^(X,Y) X,Y € Ob{&-V) 

C {+I) {X,Y) = \ {1/} X = I = Y 

[ otherwise. 

(Composition) Given f e C^ +I \X,Y) and g e C^ +I \Y,Z), then gf £ 
£( +I '(X, Z) is given by 



gfert-'HX^) Y±l 

1/ otherwise. 



Arrows 



9f = 

• (Monoidal tensor) 

Objects 

XUY X,Y e Ob{C ( -- I '>) 

X Y = ( X Y = 1 

Y X = 1 

( fOg f^h^g 
f®9={f 9 = h 

{ 9 f = h 

— Associativity isomorphisms Given X,Y,ZG Ob{& +I >), then 

tx,Y,z= t x ,y,z whenX,Y,ZeOb(C { - I) ) 
(i.e. when none of X,Y,Z are the object I). Alternatively, 

l A,B,I — tA,I,B = tl,A,B — 1a®B 

— Symmetry isomorphisms WhenC, □ is a symmetric semi-monoidal 
category, with symmetry isomorphisms {o~x,Y}x.YeOb(c)j we define, 
forallA,BeOb{L), 

/ o A . B A + I + B 

SA,B = S i ,, 

{ i-A0B otherwise. 

Remark B.2. The above construction has a simple characterisation, in the 
spirit of \2S$ . We simply take the categorical coproduct of a semi-monoidal 
category (C,<S>) with the trivial monoid I = {1}, considered as a single-object 
category. We then extend the monoidal tensor of (C,<8)) to C]J/ by taking 
(I ® _) = (_ <8) /) = IdcTji- Full details of the above construction are given 
simply in order to emphasise that the failure of all canonical (for associativity) 
diagrams to commute in categories such as that of FigureH] is not, as sometimes 
claimed, due to the absence of a unit object. 
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Proposition B. 3. Let (C, (-EL), 7" ,_) be a semi-monoidal category. Then 

(£( +/ \(_® _),£__,/) 

as defined above, is a monoidal category with a strict unit object. Further, 
when (£, □) is a symmetric semi-monoidal category, with symmetry isomor- 
phism {o~x,Y}x,YeOb{C) then (£( +I \(£)) is a symmetric monoidal category with 
symmetry isomorphisms {sa,b\ a BeOb(L)' 

Proof. It is a triviality that & +I > is a category - we thus concentrate on the 
monoidal structure. 

• (Functoriality of Tensor) 

( {fUg){hUk) = fhUgk f,g,h,kEOb(£(-V) 

{f®g)(h®k)= I fh g = l I = k 

( gk f = h = h 

Similarly, 1 A 1 B = U®b, for all A, B G 06(£ (+/) ). 

• (Naturality of associativity isomorphisms) Naturality for associa- 
tivity simply states that, for all 

/ G C (+I HA,X) , .g G £( +7 )(B,y) , G £( +7 )(C,Z) 

the following diagram is required to commute: 

A®{B®C) mam) , X®{Y®Z) 



Y 



Tx,y,z 



When none of {A, B, C} are the unit object J, the commutativity of the 
above diagram follows from the definition of a semi-monoidal category. 
Conversely, let us assume that A — I (and hence, since L^ +I \A,X) is 
non-empty, X — I). By definition of ti,B,c, an d the definition of (/ <£> _), 
the above diagram becomes 



B®C -^—^Y®Z 



B®C^Y®Z 

which trivially commutes. The cases when B = / or C = I arc similar. 

• MacLane's pentagon condition For all objects A, B,C,D G Ofe(£^ +/ '), 
we require that 

{ta,B,C ®^d) Ta,B®C,d{^A® Tb,C,d) = TA®B,C,D T~A,B,C®D 
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When none of A, B, C, D are the object / € Ob(C^ +I ^), this condition is 
satisfied, since the following diagram commutes by definition of a semi- 
monoidal category: 

An(Bn(CnD)) 



TA.B,Can 



(AnB)a(CaD) 




AU({BUC)UD) 



T~A,BnC,D 



{Aa(BaC))nD 



{{AoBpQnD 



We now let at least one of A,B,C,D be the distinguished object /. We 
consider the case where A is replaced by / (the other cases follow very 
similarly), expressed by the following diagram: 

I®(B®(C®D)) 



B»(C8fl) 





{I®B)®(C® D) = B<S(C»D) 
(B ® C) ® D - 



(B®C)®D = I ® ((B 8 (C) ® D) 
- (B ® C) ® D 





((/®B)®C)®D- 



-{I®(B®C))®D 



(Purists will, quite rightly object to the strict equalities of objects ap- 
pearing the above diagram. These equalities are simply short-hand for 
emphasising that the I (8> - and _ ® / functors are both the identity functor 
on this category. Since the identity functor is trivially full and faithful, 
this has a natural interpretation in terms of Saavedra units [23 ). 

It is a triviality that the inner pentagon of this diagram commutes - this 
reduces to tB,c,D = tB,c,D- By definition of I ® _ and £/,_,_, the com- 
mutativity of the inner diagram implies the commutativity of the outer 
diagram. However, the outer diagram expresses exactly MacLane's pen- 
tagon condition, and so our result follows. 

The cases where B — I or C = I or D = I arc sufficiently similar not to 
need giving explicitly. 

• The hexagon condition This follows almost exactly the pattern set by 
the associativity pentagon above, and is left as a straightforward exercise. 
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• Unit object By construction, / ® A = A = A ® A, for arbitrary A € 
06(£( +/ )). Similarly, 1/ <g> / = / = / ® 1/ for arbitrary / e £( +/ )(A, B). 
Thus, (I (g) _) is the identity functor on C^ +I \ and hence (C^ +I \ ®) has a 
strict unit object. 

□ 

Remark B.4. Adjoining a unit to a monoidal category. A natural ques- 
tion is, what happens when we apply the above construction to a monoidal cate- 
gory (i.e. a semi-monoidal category that already happens to have a unit object 
for the monoidal tensor)? Consider a monoidal category (M., □, T _, O), where 
XUO = X = OOX. When we apply the above construction, we build a new 
monoidal category (Ai^',<E>, t : . ,1), where 1,0 £ Ob(A4). In this new cate- 
gory, I®0 = = 0®I by definition, and thus O is no longer the unit object 
for the monoidal tensor of this larger category. 

Remark B.5. Adjoining a unit object to an untyped category Nothing 
in the above construction relies on the unitless monoidal category C^ 1 ' having 
more than one object; it is equally applicable to untyped monoidal categories. 
The resulting monoidal category is no longer untyped, since it has two objects 
- we emphasise that adjoining a unit in this way does not force an untyped 
category to collapse to the unit object; however neither does it result in a well- 
pointed category. 

C A constructive decision procedure for com- 
mutativity of diagrams 

Some references to a previous draft of this paper mention a constructive linear- 
time decision procedure for commutativity of untyped canonical diagrams, in 
Appendix^ This has now expanded into a paper in its own right. Please contact 
the author for drafts of this. 
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